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1 Polarities in Linear Logic

In [4], J.-Y. Girard de�nes the system LC for classical logic and its denotational

semantics based on a notion of polarized formulas, distinguishing two dual classes

of formulas, positive and negative formulas:

P ::= X? j P 
 P j P � P j 9XP j 1 j 0 j !N

N ::= X j N P N j N &N j 8XN j ? j > j ?P

From a syntactical point of view, negativity corresponds to the reversibili-

ty of logical rules whereas positivity corresponds to the focalization property.

Furthermore negative formulas make structural rules admissible:

` �; N;N

` �; N

` �

` �; N

` N ; N

` N ; !N

where N is any negative formula and N is any context of negative formulas.

We de�ne LLP to be the fragment of Linear Logic dealing only with polarized

formulas, with these generalized structural rules (and an additional technical

constraint on the >-rule).
LLP has proved to be a very good system for encoding classical logic, with a

simple notion of proof-nets decomposing the reduction of Parigot's ��-calculus [8]

(just as proof-nets decompose �-reduction) and a good semantics. The relation

between LLP and linear logic is similar to the relation between classical and

intuitionistic logic, thus giving a linear account for CPS translations.

2 Polarized proof-nets

The restriction to polarized formulas allows the de�nition of a very simple cor-

rectness criterion for LLP proof-nets (with additives, quanti�ers and constants)

by adding an orientation [7]:

� positive $ upwards

� negative $ downwards

and checking an acyclicity-connexity condition on the resulting oriented graph.

In these proof-nets any positive node has an implicit box structure similar

to the explicit !-box associated to !-nodes. This property allows to de�ne a cut

elimination procedure which in particular solves the commutative cut problem

of proof-nets for full linear logic.
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3 The ��-calculus

The traditional translations of classical logic into LL, based either on LK
tq [3]

or on CPS translations, make intensive use of exponential rules. Typically the

t-translation is based on the encoding of the classical implication: A ! B  

!?A ( ?B. Thanks to the generalization of structural rules, LLP allows a

very simple encoding of classical logic, based on the same translation of the

classical implication as the translation of the intuitionistic one in Linear Logic:

A! B  !A( B.

In this way we get an encoding of ��-calculus into polarized proof-nets [6]

which simulates normalization by cut-elimination. This translation may easi-

ly be adapted to Peter Selinger's extension of ��-calculus with pairing and a

disjunctive construction [10], yielding a surjective reduction preserving mapping

from Selinger's system into LLP proof-nets. As a consequence, Selinger's control

categories give a categorical model of LLP.

The study of the inverse of the translation mapping leads to the de�nition of

an equivalence relation on ��-terms, extending the �-equivalence on �-terms [9].

Interestingly, the �-equivalence for ��-calculus also identi�es normal terms. As

LLP proof-nets realize the quotient we immediately get that two equivalent terms

are indistinguishable syntactically as well as semantically.

4 Game semantics (work in progress)

We de�ne a game semantics for LLP, much in the spirit of AJM games [1], by

introducing a notion of polarized games based on the correspondence::

� negative $ opponent starts;

� positive $ player starts.

Multiplicative connectives are de�ned �a la Lamarche [2]. In the spirit of Girard's

ludics [5] there are two shifting operators that add a fake move to a game thus

just changing its polarity.

In this framework, AJM's \intuitionistic games" appear like the negative

counterpart of the logical constructions of linear logic. Typically the AJM tensor

product � is a negative version of the linear tensor product 
 related to the

latter using a shifting operator: # (A�B) ' # A
 # B.
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