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Theorem (General C-B)

If X is any topological space and A C X, A has a maximal
perfect subset, called its perfect core.
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Modal language L:

pl e | oAy | Op
Usual abbreviations:
> o Vipi==(-p A1)
> Op =g

Kripke semantics: Models are triples (W, C, [-])-

w e [Op] < Vv O w(v e [¢]).
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The u-calculus

Language £
Add expressions up.p(p) to the modal language, where p
appears only positively in ¢.
> [up.p(p)] is the least fixed point of A — [¢(A)].
> vp.p(p) .= —up.—p(—p) is the greatest fixed point of
A [(A)].

Example: Transitive closure:

O == pp.(p V Op)



Topological semantics

If X is a topological space and A C X, define the Cantor
derivative or set of limit points of A by

dA:{xex;xec(A\{x})}.



Topological semantics

If X is a topological space and A C X, define the Cantor
derivative or set of limit points of A by

dA:{xex;xec(A\{x})}.

d-Semantics: [O¢] = d [¢].



Topological semantics

If X is a topological space and A C X, define the Cantor
derivative or set of limit points of A by

dA:{xex;xec(A\{x})}.

d-Semantics: [O¢] = d [¢].

Weak transitivity axiom: ¢ A Oy — O



Topological semantics

If X is a topological space and A C X, define the Cantor
derivative or set of limit points of A by

dA = {xeX:xe c(A\{x})}.
d-Semantics: [O¢] = d [¢].

Weak transitivity axiom: ¢ A Oy — O

The semantics of the full u-calculus is well-defined over any
topological space.
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Hemimetric spaces

A hemimetric on a set X is a function a: X x X — R such
that, for all x, y,z € X:

1. a(x,x) =0,

2. a(x,2) < alx,y)+ ay, 2).

The derivative dA of A C X is the set of all x € X such that
A\ {x} contains a sequence of points (X»)nen such that
a(x, xp) — 0.

» If ais such that a(x, y) + a(y, x) = 0 implies x = y then a
is a quasimetric.

> If A is is symmetric in the sense that a(x, y) = a(y, x),
then a is a metric.
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Metric completeness theorems

Theorem
Let ¢ be a formula of the pi-calculus. Then, the following are
equivalent:

1. o is valid over the class of all Hausdorff (more generally,
Tp) spaces

2. p is valid over the class of all finite, transitive frames
3. y itis valid over the class of all metric spaces

Essentially due to Bezhanishvili and Lucero-Bryan, 2012,
combined with Goldblatt and Hodkinson, 2017. Extends
McKinsey and Tarski, 1944.
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Hemimetric completeness theorem

Theorem

Let ¢ be a formula of the pi-calculus. Then, the following are
equivalent.

1. ¢ is valid over the class of all topological spaces

2. p is valid over the class of all finite, weakly transitive
frames [Baltag et al., LICS’21]

3. ¢ is valid over the class of all hemimetric spaces [F-D and
Gougeon, LICS23]
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The tangled derivative

Define
01, en} = vp. \ O(P A @)
1. If (W, C) is afinite, transitive frame and Ay, ..., A, C W,
w e [0={A1,...,Ap}] iff there is a reflexive cluster C J w

such that foreach i < n, A;NC # @.

2. Topologically, [0>°{Ayq,...,An}] is the largest subspace in
which every A; is dense.
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Theorem (Dawar and Otto 2009)

Every formula of the u-calculus is equivalent to a formula in
ng over the class of transitive frames.

Corollary

Every formula of the u-calculus is equivalent to a formula in
ng over the class of metric spaces.
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» Tangled derivative: (>

» Tangled closure: &> (analogous, but defined in terms of
the ‘reflexive’ closure operator)

Theorem

1. O is not definable in Ly~ over the class of Tp spaces
[Baltag et al.]

2. &> is not definable in Ly over the class of Ty spaces
[F-D, Gougeon]
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» Metric completeness theorems for modal logic can be
extended to arbitrary topological spaces by considering

hemimetric spaces

» Well-studied tangled fragments are no longer expressively
complete over arbitrary spaces.

» Submitted: But the hybrid tangle is indeed expressively
complete! (Joint with Papafilippou)

» Open problems abound (Connectedness, polytopological
u-calculus, definable classes...)

Thank you!



