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R. Alur et al. 2012
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Coefficients must sum to ∞ (non-Zeno)



Motivation R. Alur et al. 2012
S. N. Krishna et al. 2017

Safe scheduling Safe reachability Safe Planning

Green scheduling

PTIME

Motion planning
(Un)Decidable

Similar to problems on continuous Petri nets and
vector addition systems (VAS)



Linear temporal logic (LTL)

Boolean logic:
true, false,¬,∧,∨, atomic propositions

Temporal operators:
Fφ : φ is finally true
Gφ : φ is always true
φ1 U φ2 : φ1 is true until φ2 is true



Atomic propositions (Zones)

Bounded convex polytope: Ax ≤ b

Example:
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Linear temporal logic (LTL)

Safe scheduling Safe reachability Safe Planning

GZ Z U {xtarget} (¬O1 ∧ · · · ∧ ¬On)
U {xtarget}



LTL interpreted over schedules

σ |= FZ

σ ̸|= GX

σ |= F(X ∧ FY )

σ ̸|= F(Y ∧ FX )
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Model checking problem

Given: LTL formula φ, point z , MMS M

Determine: whether there exists a schedule starting
at z satisfying φ w.r.t M , i.e. z |=M φ
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① Flat formulas

Definition
An LTL formula φ is flat if it has this form:

ψ ∧ Gψ′ ∧
∧
i∈I

GFψ′′
i ∧

∧
j∈J

Fφj ,

where ψ, ψ′, ψ′′
i are pseudo-atomic; and φj is flat.



① Flat formulas

Definition

ψ ∧ Gψ′ ∧
∧
i∈I

GFψ′′
i ∧

∧
j∈J

Fφj ,

Example

non-flat formula equivalent flat formula
GF(a ∧ Gb ∧ Fc) GFa ∧ FGb ∧ GFc



① Flat formulas

Theorem
For every φ ∈ LTL({F,G,∧}) there is an equivalent
flat formula flat(φ) of linear size.

Proof
It follows inductively with rewriting rules.



② Almost acyclic automata
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② Almost acyclic automata

Theorem
Every formula φ ∈ LTL(F,G,∧) has an almost
acyclic automaton Aφ such that φ ≡ Aφ.

Proof
Inspired by unfoldings of Křet́ınský and Esparza
2012.



③ Linear path schemes (LPS)

GFa ∧ FGc ∧ Fb

GFa ∧ Gc ∧ Fb

GFa ∧ FGc

GFa ∧ Gc

↑{b}
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↑∅ ↑∅
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true U (c ∧ (c U ((c ∧ b) ∧ Gc)))
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④ From LPS to linear LTL formulas
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④ From LPS to linear LTL formulas

Proposition
Given an LPS S of Aφ, one can construct, in poly
time, a linear formula ψ s.t. w ∈ L(S) iff w |= ψ.



⑤ Safe reachability

x −→∗
Z y ⇐⇒ φ(x , y) holds where

φ ∈ PTIME fragment of FO(R,+, <) [B. & Haase ’17]



⑤ From linear LTL to FO(R,+, <)

true U (c ∧ (c U ((c ∧ b) ∧ Gc)))

x0 −→∗

x1 ∈ c −→∗
c x2 ∈ (c ∩ b) ∧ x2 |=M Gc
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Safe repeated reachability

GC ∧ GFA ∧ GFB
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m3 = (−1, 2, 0),m4 = (−1,−2, 0)
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1. safe reach (SR), 2. loop reach (LR), 3. loop (L)



Safe repeated reachability

Informal theorem
There is a safe reach (SR) segment from x , a loop
reach (LR) segment and a loop (L) segment where
∅ ≠ supp(L) ⊆ supp(SR) = supp(LR)

⇐⇒ x |=M GC ∧ GFA ∧ GFB .

Proof sketch of (⇐)
(SR) follows by definition,
(LR, L) follows by Farkas’ lemma.



Safe repeated reachability

Informal theorem
There is a safe reach (SR) segment from x , a loop
reach (LR) segment and a loop (L) segment where
∅ ≠ supp(L) ⊆ supp(SR) = supp(LR)

⇐⇒ x |=M GC ∧ GFA ∧ GFB .

Expressible in the PTIME logic of [B. and Haase ’17]



Conclusion: summary

▶ Introduced LTL for MMS

▶ Classified every syntactic fragment as either
P-complete, NP-complete or undecidable

▶ Generalized and unified work on MMS and
continuous vector addition systems/Petri nets



Conclusion: future work

▶ Handling richer properties

▶ Implementing a solver for linear LTL

▶ Extending LTL to 2-player games



Thank you!


