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What?

We present a full computer formalisation of the main result of
Guillaume Brunerie's 2016 PhD thesis: m4(S3®) = Z/27Z
The theorem is old but the setting is new: Brunerie's proof is
carried out in Homotopy Type Theory (HoTT)

» An extension of Martin-Lof type theory with higher inductive

types (HITs) and univalence

In addition to Bruneries proof, we present a new and vastly
simplified proof.
All formalisations are carried out in Cubical Agda

» An extension of standard Agda supporting HITs and
univalence.



Why?

» Brunerie's theorem is to this date one of the most advanced
pieces of mathematics developed in HoTT

» Contains small ‘gaps’ which have made the theorem
considered practically ‘unformalisable’

P Let us start with a brief overview of Brunerie's original proof.



Chapters 1-3

» Brunerie constructs a map [i2, ip] : S® — S2.

St xSt

[Animation]

S? v §2
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Chapters 1-3

Definition
We define the nth homotopy group of a pointed type A by

mn(A) = [|S" =+ Allg

> [in, io] lives in m3(S?)

» There is an isomorphism v : 73(S?) = Z.
> Define §: Z by 8 = [iz, io]

> Main theorem: We have 74(S®) = Z/5Z.



Chapters 1-3

What's needed?
» The long exact sequence of homotopy groups
» The James construction!
» The Hopf fibration
> The Blakers-Massey theorem
» Whitehead products

Not easy, but doable!

2

\We only formalised a special case
2Formalised by Kang Rongji
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What's left?

» So, all we need to prove now is § = £2. Should be easy,
right?

» Cubical Agda is fully constructive so we should be able to
simply normalise 3.

» Several years of attempts and many, many wasted gigs of
RAM later: we know that this does not really work.

» How to proceed?
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Brunerie's proof New proof Normalise 5
» Develop-theoryof P Rephrase the > Normalising
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» Define 7T3(Sz) = Zina Agda-still
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> Define Hopf more tractable. > Simplified
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» Construct the under the iso. OK
Gysin sequence v Formalised v’ Formalised
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» Recall: we have an element [i2, io] : 73(S?) and want to
examine the value 1[i, ip] for v : m3(S?) = Z.

» Idea: % is unique up to a sign, so we may replace it with any
other iso.

» We will divide it up into several steps, so that we can carefully
trace [ip, i2].

* * -1
3(S?) —F s mz(82) M px (st x ST

Fi -/
Y ¢
(8% L ) — 7




Notation
o: St = Q(S?)



» Let —: S x S — S? be the
canonical map inducing the
equivalence S' A St ~ §2.

Notation
o: St = Q(S?)



» Let —: S x S — S? be the
canonical map inducing the
equivalence S' A St ~ §2.

Notation
oSt Q(S?)
—: St xSt —§?



» Let —: S! x S — S? be the
canonical map inducing the
equivalence S' A St ~ §2.

» There is an equivalence

F:St«sSt~s3 .

Notation

oSt QS?)
—:S'xS' = §?



» Let —: S x S — S? be the
canonical map inducing the
equivalence S' A St ~ §2.

» There is an equivalence

F:StsSt~s3 Notation
o:St— Q(S?)
St xSt §?
F:S'xS' 5§



» Let —: S x S — S? be the
canonical map inducing the
equivalence S' A St ~ §2.

» There is an equivalence

F:Stxst~s3 Notation
o:St— Q(S?)
» [t factors as follows: —: S x St — §?
F:StxS' 5 s3
St St a » §3
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» Describing elements S3 — S? is Notation
hard o: St = Q(s?)
- S$'x St — §?
> 1,ql 2 - -
...but St x S* — S¢ is easy. Fogleg 2 g8

> We get two crucial elements hoSt xSl S2

. Ql 1 2
h,’r]]_S *S _>S 7’]1:81*81%82
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» Pre-composition by F~1 lands us in
m3(S?)
> ho F~! generates 73(S?)
> [iz, f2] =mnmo F-1
> | - Fh lovel iption i :
ssue as a lovely des_crlpt|on N Notation
terms of ~— and suspension but Tl )
1 g . S — Q(S )
F~* does not! Syl g?
—: St x St —
> This makes [h, io] very hard to Lol ~ s
F:$*S" =S
reason about
h:S"«S"— §?
Definition m:StxSt - §?
Define m5(A) := || S« ST —, A,
» m3(A) can be given an explicit
group structure s.t.
F* : w3(A) = 73(A) (natural in A)



» Trivially, F*([i2, i2]) = m.

Notation
U:SI%Q(SZ)
—: St x St 5 §?
F:stxst 5§
h:StxS! - §?
m: St xS - §?

5 F* ) (h*)_l *(Ql 1

\fu
r36) S m(s?) — -z
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Trivially, F*([i2, i2]) = M-
We proceed to explicitly
constuct

> (S« Sh)

> 13 m3(S°)
We then simply check that
m =12 — 13— (—2)i3

» Simple by since all isos

(or their inverses) are

decribed in terms of —
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Finally, £(n3) = —2
Formalisation only ~600
lines!

In fact, 73 — —2 can be
normalised in Cubical Agda!

Notation
oSt = Q(s?)
—: St x St - §?
F:S'xs' 5§
h:S'sSt - §?
m St St — §?

73(82) £ 71(52) B py(st « 8Y)

ﬁu
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Summary

» We have formalised m4(S3) = Z/27Z in three different ways:
» Following Brunerie's original proof
» Using the new simplified proof
» By normalising a simplified Brunerie number

» All proofs rely on chapters 1-3 in Brunerie's thesis:

» Future/ongoing work: can this part also be replaced by
something simpler?



	A direct proof of |  | = 2

