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Abstract
We present a categorical theory of monads and distributive laws in substructural contexts. In the
study of distributive laws, the roles of (the absence of) structural rules for variable contexts have
been recognized; our theory formalizes these substructural situations using Tronin’s verbal categories
W, in a uniform and presentation-independent manner. We introduce the classes of W-operadic
monads (those defined via the structural rules in W) and of W-commutative monads (those invariant
under the structural rules in W). We give a canonical construction of a distributive law ST → T S

of monads on Set; it is applicable when S is W-operadic and T is W-commutative (under mild
conditions). This accounts for many known and new distributive laws. Even when S fails to
be W-operadic, we can refine S and force W-operadicity; this captures Varacca and Winskel’s
construction of indexed valuations.
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1 Introduction

Monads. In program semantics and, more generally, in system behavior modeling, the
categorical notion of monad has been successfully used as a uniform interface to various
computational effects. Examples of effects include non-functional side effects in functional
programming [43], additional behavioral layers for reactive systems such as (possibilistic
or probabilistic) nondeterminism [2, 21], and so on. The mathematical theory of monads –
together with a closely related theory of universal algebra – not only offers unified foundations
for effects, but also enables novel programming principles such as effect handlers [48].
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45:2 Monads and Distributive Laws in Substructural Contexts

Distributive laws. In this context, distributive laws between monads have attracted attention.
Originally a mathematical construct [3], distributive laws enable us to combine effects.
Specifically, given monads S and T on the category Set of sets (in this paper, we focus on
monads on Set), a distributive law δ : ST → TS of S over T equips the composite TS with
a monad structure, with the consequence that unified monadic frameworks for programming,
static analysis, verification, etc. accommodate the coexistence of two different layers of effects
modeled by S and T .

The question of obtaining a distributive law has intrigued many theoreticians, too. This
was initiated by Plotkin’s observation that there is no distributive law DP → PD of the
(finitely supported) probability distribution monad D over the powerset monad P (see [62]).
This observation sparked much work: both on the positive side (obtaining distributive
laws [11, 45, 17]) and the negative side (proving “no-go” theorems [27, 66]).

Two approaches: weak distributive laws and refinement. On the positive side, towards
obtaining a distributive law, there have mainly been two technical approaches. The first
“weak distributive law” approach, when a distributive law ST → TS does not exist, finds it
sufficient to have a weak distributive law δ : ST → TS. Here “weak” means δ’s compatibility
with the unit ηS of S is dropped. A weak distributive law δ induces a combination of S and
T , but this time it is not given simply by the composite TS. Roughly speaking, this approach
modifies T : concretely, for S = D and T = P , the combination essentially replaces T = P

with the convex powerset monad over the Eilenberg–Moore category SetD [15, 17, 4, 1, 56].
The second “refinement” approach modifies S instead. It finds a reason for the failure of

a distributive law δ : ST → TS in equations in (an equational presentation of) S, and thus
proposes to use a refinement Ŝ of S – obtained by dropping the problematic equations – in
place of S. This approach is initiated in [62] for specific monads (variations of D and P –
see § 6.3). Generalization of this approach is sought in [11, 45]. We follow this line of work.

Categorical theory of substructural contexts for monads and distributive laws. In this
paper, we introduce a general framework for the aforementioned “refinement” approach
to distributive laws, centered around the idea of substructural contexts. Our categorical
framework uses verbal categories [57] for modeling substructural contexts.

The relevance of structural rules (exchange, weakening, and contraction) to algebraic
theories (and thus monads) is widely acknowledged, explicitly or implicitly [10, 20, 33]. In
particular, [11, 45, 38] study the roles of structural rules in distributive laws. Our framework
here offers a unifying categorical picture parametrized by a verbal category W.

We sketch our theory in the coming paragraphs.

Substructural contexts and verbal categories (§ 3). Restricting structural rules – exchange
(E), weakening (W), and contraction (C) – in variable contexts is a common tool in logic. In
the categorical study of algebraic theories, operads, and binding syntax, it is common to model
the application of structural rules with 1) morphisms of F, the category of finite ordinals and
functions between them [13], and 2) their string diagram presentation [10, 33]. For example,
the context transformation from x0, x1, x2 ⊢ p(x0, x1, x2) to x0, x1, x2, x3 ⊢ p(x1, x3, x1) –
obtained with E, W, and C for a term p – is represented by the function α : 3 → 4 with
α(0) = α(2) = 1 and α(1) = 3; the corresponding string diagram (in which we have α(i) = j

iff i on the right is connected to j on the left) is depicted on the left of (1) below.
0
1
2
3

0
1
2

(1)
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The structural rules E, W, and C correspond to the three “parts” of the string diagram as
on the right of (1), respectively (see also [10, § 2] for a related discussion).

Conveniently, considering a substructural context – i.e. prohibiting the use of certain
structural rules – corresponds to singling out a wide subcategory of F. Concretely, allowing
the rules designated below on the left corresponds to the subcategories of F on the right.

∅ {E} {E, C}

{W} {E, W} {E, W, C}

Fid Fbij Fsurj

Fm,inj Finj F
(2)

Here, Fid has only identity functions as morphisms; Fm,inj has monotone injections (with
respect to the total order 0 < 1 < · · · < n− 1); Fbij has bijections; Finj has injections; Fsurj
has surjections. (The settings {C} and {W,C} are ill-behaved and thus omitted; see Ex. 10.)

The notion of verbal category [57] axiomatizes (wide) subcategories of F suited for
modeling substructural contexts. Examples include the six categories in (2) (see also Ex. 9).

W-operads and their monads (§ 3). The notion of W-operad in [57] embodies the idea of
“algebraic theories in the W-substructural context”. Its definition follows the same format –
with id and subst – as for (symmetric or non-symmetric) operads.

For our theory, we introduce the notion of W-operadic monad, as those which are induced
by a W-operad via a left Kan extension. This formalizes the idea of “a monad in the
W-substructural context”. (For example, F-operadic monads coincide with finitary monads.)

W-commutative monads (§ 4). Our construction of a distributive law ST → TS (Thm. 42)
requires, very roughly speaking, that

S is a monad defined using the structural rules in W, and
T ’s effect is invariant under the structural rules in W.

We just formalized the former as W-operadic monads; for the latter, we introduce the notion
of W-commutative monad. The definition of W-commutativity is by a suitable diagram,
one similar to those used in [45, 11, 46]. It unifies some known notions such as (ordinary)
commutativity [28], affinity [29], and relevance [20].

Canonical distributive laws and application (§§ 5–7). One of our main results in this paper
is Thm. 42 where, as announced above, we present a general construction of a distributive
law δ : ST → TS, assuming that

S is a W-operadic monad, and
T is a W-commutative monad.

The construction is categorical and canonical, along the coend description of (the left Kan
extension used in) a W-operadic monad.

The construction of this canonical δ is uniform for any verbal category W. An additional
condition is required for δ to be compatible with the multiplication µT of T : it is that W
accommodates the exchange rule (E) – unless S is so lean that it is generated by operations
of arity ≤ 1. See Thm. 42 for a precise statement.

Given the last condition (of accommodating (E)), it is natural for us to focus on the
following four verbal categories.

Fbij

FsurjFinj

F

(3)
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45:4 Monads and Distributive Laws in Substructural Contexts

We also show the following monotonicity results:
W-operadicity is up-closed (i.e. if S is W-operadic and W ⊆ W′, then S is W′-operadic,
Prop. 19(2)); and
W-commutativity is down-closed (Rem. 33).

Therefore, for the application of the general construction in Thm. 42, we can look for W in the
intersection of the upper set of S’s W-operadicity and the lower set of T ’s W-commutativity.

This “find an intersection” strategy has two usages. The first usage is negative: given a
pair (S, T ), the empty intersection of the above two sets shows that the canonical distributive
law in Thm. 42 does not work. While this does not prove a no-go result (other distributive
laws may exist), it is often easy to check and thus a useful red flag. Of course, the intersection
is empty for the combinations with known no-go results.

The second use is a positive one: when the intersection is empty, we can modify S or T
for a nonempty intersection, so that the canonical distributive law works. While modifying
T is possible – techniques for forcing W-commutativity on a monad are studied for some
W, see e.g. [20, 6, 36] – we are interested in modifying S in this paper. This modification of
S must extend the upper set of W-operadicity downwards, so that a new monad relies on
fewer structural rules.

To do so, we introduce a categorical construction, namely the W-operadic refinement
RfW(S) of a monad S (§ 6). It is the monad induced, in the Kan extension-way described
in § 3, by the W-operad given by restricting S. The refinement RfW(S) is W-operadic by
construction. We show that the indexed valuation monad IV in [62] – the first example
of the “refinement” approach for distributive laws – is indeed an instance of W-operadic
refinement.

Contributions and organization. We introduce a theory of substructural contexts for
monads and distributive laws. It is categorical and uniform, unifying previous observations
for specific substructural contexts [45, 11, 46, 28, 29, 20] and the axiomatization by verbal
categories W [57]. The theory has the following main components.

After reviewing verbal categories [57], we introduce the classes of W-operadic and W-
commutative monads (§§ 3 and 4).
We present a construction of a canonical distributive law δ : ST → TS for W-operadic S
and W-commutative T (Thm. 42).
We present the notion of W-operadic refinement of a monad (§ 6). It can be used to
force W-operadicity required by Thm. 42.
We discuss many examples of general constructs. These include various “multiset monads”
(Exs 4, 5, and 23–25) and new distributive laws (e.g. one that resolves a problem in [61],
see Ex. 50) obtained by forcing W-operadicity (§ 7).

Most proofs are deferred to [14, Appendix D].

Related work. Many related works have been discussed in the context of our motivation,
or will be discussed later in a suitable technical context. In particular, the relationship to
closely related works [38, 45, 11] is discussed further in § 5.3.

Here are some other related works. A big motivation for distributive laws comes from the
combination of (possibilistic) nondeterminism and probabilistic branching. This combination
is observed e.g. in Markov decision processes (MDPs), a fundamental model for probabilistic
model checking and reinforcement learning. Categorical studies of this specific combination
include [22, 32, 44, 42, 41].

Once program/system semantics is defined by monads, reasoning about it with program
logic is the next step. Recent works in this direction include [64, 35, 7, 8, 39, 51].
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2 Preliminaries

The set of all natural numbers (or finite ordinals) is denoted by N = {0, 1, 2, . . . }. Each
n ∈ N is identified with the n-element set {0, 1, . . . , n−1}. The category of sets and functions
between them is denoted by Set. It has a symmetric monoidal structure (1,×) via products.
For any set X, we denote by !X : X → 1 the unique function from X to 1.

Since our focus in this paper is on monads on Set, by a monad we shall always mean a
monad on Set. Specifically, a monad T (on Set) is a triple T = (T, η, µ) where T : Set → Set
is a functor (called the functor part of T) and η : idSet → T and µ : TT → T are natural
transformations (called the unit and multiplication of T, respectively), such that µ ◦ Tη =
idT = µ ◦ ηT and µ ◦ Tµ = µ ◦ µT hold. Here are some examples of monads.

▶ Example 1 (C-exception monad EC). Any set C has a unique monoid structure (C, eC : 0 →
C,∇C : C + C → C) with respect to coproducts. This induces a monad EC called the C-
exception monad. Its functor part is C + (−) : Set → Set, and its unit and multiplication
are ηX = eC +X : X → C +X and µX = ∇C +X : C +C +X → C +X for each set X. ⌟

▶ Example 2 (C-reader monad RC). Any set C also admits a unique comonoid structure
(C, !C : C → 1,∆C : C → C × C) with respect to products. It induces the C-reader monad
RC in the same way as in Ex. 1: its functor part is (−)C : Set → Set, and its unit and
multiplication are ηX = X !C : X → XC and µX = X∆C : (XC)C ∼= XC×C → XC . ⌟

▶ Example 3 (M-writer monad WM). Let M = (M, 1 ∈ M, · : M × M → M) be a monoid
(with respect to products). It induces the monad WM called the M-writer monad, whose
functor part is M × (−) : Set → Set, and whose unit and multiplication are defined by
ηX(x) = (1, x) and µX(m,n, x) = (mn, x) for each set X, x ∈ X, and m,n ∈ M . ⌟

Recall that a semiring is a tuple S = (S, 0 ∈ S,+: S × S → S, 1 ∈ S, · : S × S → S)
where S is a set, (S, 0,+) is a commutative monoid, (S, 1, ·) is a monoid, and such that
· : (S, 0,+) × (S, 0,+) → (S, 0,+) is a bihomomorphism of monoids, i.e., for all x, y, z ∈ S,
x · 0 = 0, x · (y + z) = x · y + x · z, 0 · z = 0, and (x+ y) · z = x · z + y · z hold. The semiring
S is commutative if (S, 1, ·) is a commutative monoid.

▶ Example 4 (S-multiset monad MS). Let S = (S, 0,+, 1, ·) be a semiring. We define the
monad MS called the S-multiset monad. The functor part MS of MS maps each set X to the
set MSX of all functions p : X → S such that the set {x ∈ X | p(x) ̸= 0 } (called the support
supp p of p) is finite, and maps each function f : X → Y to the function MSf : MSX → MSY

defined for each p ∈ MSX by(
(MSf)(p)

)
(y) =

∑
x∈f−1(y) ∩ supp p p(x).

We can also regard p ∈ MSX as a formal linear combination∑
x∈supp p p(x) · x (4)

of elements of X with coefficients from S; from this viewpoint, the function MSf maps (4)
to

∑
x∈supp p p(x) · f(x).

The unit ηX and multiplication µX of MS at X ∈ Set are given as follows. For each
x ∈ X, ηX(x) ∈ MSX is defined by

(
ηX(x)

)
(x′) = 1 if x′ = x, and = 0 otherwise. That is,

ηX(x) is x regarded as a trivial linear combination. For each φ ∈ MSMSX, µX(φ) ∈ MSX

is defined by
(
µX(φ)

)
(x) =

∑
p∈suppφ φ(p) · p(x). This flattens a “linear combination of

linear combinations” φ into a linear combination.

LICS 2026



45:6 Monads and Distributive Laws in Substructural Contexts

Here are some instances of MS.
(1) When S is the semiring N = (N, 0,+, 1, ·) of natural numbers, MN is called the (finite)

multiset monad M = (M,η, µ). For a set X, MX is the set of all finite multisets over X.
(2) When S is the semiring 2 = ({0, 1}, 0,∨, 1,∧), M2 is called the finite powerset monad

Pfin = (Pfin, η, µ). For each set X, PfinX is the set of all finite subsets of X.
(3) When S is the semiring R≥0 = (R≥0, 0,+, 1, ·) of nonnegative real numbers, MR≥0 is

called the (finite) valuation monad (see e.g. [62]) and is written as V = (V, η, µ).
Note that the semirings N, 2, and R≥0 are all commutative. ⌟

▶ Example 5 (affine S-multiset monad AS). Let S = (S, 0,+, 1, ·) be a semiring. We define
the monad AS = (AS, η, µ) called the affine S-multiset monad. This is the submonad of the
S-multiset monad MS such that, for each set X, ASX consists of all formal affine combinations
of elements of X, i.e., p ∈ MSX with

∑
x∈supp p p(x) = 1 (cf. (4)). (AS is the affine part of

MS in the sense of [36].) Here are the instances with S = 2 (Ex. 4(2)) and R≥0 (Ex. 4(3)).
(1) A2 is the nonempty finite powerset monad P+

fin.
(2) AR≥0 is the (finitely supported) probability distribution monad D (cf. [31, § 16]). ⌟

3 W-Operadic Monads

In this section, we will recall W-operads [57, Def. 2], where W is any verbal category in the
sense of [57, Def. 1]. We then define monads induced by W-operads, and the “change of
base” constructions for W-operads.

3.1 Verbal Categories

Towards a formal definition of verbal categories (Def. 8), we start with an informal introduc-
tion. Recall from § 1 that F is the category of finite ordinals and all functions between them,
and that string diagrams represent morphisms in F (see (1)).

A verbal category W is defined to be a wide subcategory of F – meaning that ob W = ob F
– that is closed under what we call the verbal substitution operation ⋆ on morphisms of F.
We sketch the verbal substitution operation ⋆. Its type is as follows.

β : n′ → n α0 : m′
0 → m0 · · · αn−1 : m′

n−1 → mn−1

β ⋆ α⃗ :
∑
i′∈n′ m′

β(i′) →
∑
i∈nmi

Here, α⃗ = (αi)i∈n. Its concrete definition (Def. 7) is illustrated as follows. Let β : 4 → 3,
α0 : 2 → 2, α1 : 3 → 2, and α2 : 2 → 1, as depicted below.

α0

α1

α2

β

The morphism β ⋆ α⃗ is then obtained by 1) finding the correspondence between αi and the
i-th end (on the left) of β, for each i ∈ 3 (we used colors to highlight this), 2) “duplicating”
wires in β so that the numbers of wires match between β and α⃗, and 3) connecting them.
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β ⋆ α⃗ = =

In order to define ⋆ formally, we fix specific coproduct diagrams in the category F.

▶ Definition 6 (chosen coproducts in F). Let n ∈ N, m⃗ = (mi ∈ N)i∈n, and m =
∑
i∈nmi.

For each i ∈ n, we define the function

ιm⃗,i : mi → m

by ιm⃗,i(j) =
(∑

k∈imk

)
+ j for each j ∈ mi. The family (ιm⃗,i : mi → m)i∈n exhibits m as a

coproduct of m⃗ in F. ⌟

▶ Definition 7 (β ⋆ α⃗; cf. [53, § 2.2] and Prop. 21). Given morphisms
(
β : n′ → n, α⃗ =

(αi : m′
i → mi )i∈n

)
in F, define m′ =

∑
i′∈n′ m′

β(i′) and m =
∑
i∈nmi. We define

β ⋆ α⃗ : m′ → m

as the unique morphism in F making the following square commute for each i′ ∈ n′.

m′
β(i′) mβ(i′)

m′ m

αβ(i′)

β ⋆ α⃗
ιm⃗′β,i′ ιm⃗,β(i′)

Here, m⃗′β = (m′
β(i′))i′∈n′ and m⃗ = (mi)i∈n. ⌟

▶ Definition 8 (verbal category). A wide subcategory W of F is called a verbal category [57,
Def. 1] if it is closed under the verbal substitution operation β ⋆ α⃗ of Def. 7. We say that a
verbal category is symmetric if it contains Fbij (see (2)). ⌟

To see the equivalence of the above definition of verbal categories to the original [57,
Def. 1], consider the cases of β ⋆ α⃗ where β or each of αi is an identity map. We note that
verbal categories are called faithful cartesian clubs in [50, Def. 2.6.3], and that symmetric
verbal categories are called contextual subcategories of F in [34].

▶ Example 9. As already mentioned, the six categories in (2) are verbal categories [57,
p. 748]. For every positive integer n, the verbal category F(n)

surj generated by swap: 2 → 2
and !n : n → 1 (i.e., and ··

· n ) consists of all surjections α : ℓ → m such that each
fiber α−1(i) has cardinality k(n − 1) + 1 for some k ∈ N; this yields an infinite family of
verbal categories, with F(1)

surj = Fbij and F(2)
surj = Fsurj. Intuitively, F(n)

surj models contexts with
exchange and “contraction with arity n”. ⌟

▶ Example 10. As non-examples, we note that the wide subcategory of F consisting of all
monotone (resp. surjective monotone) maps (corresponding to the set {W,C} (resp. {C}) of
structural rules; cf. (2)) is not a verbal category.1 This is because the function !2 : 2 → 1 is
monotone but !2 ⋆ (id2) : 4 → 2 is not, as the picture shows (cf. [10, § 2]). ⌟

1 This shows that the third example in [57, p. 748] is incorrect.

LICS 2026



45:8 Monads and Distributive Laws in Substructural Contexts

3.2 W-Operads
A formal definition (Def. 11) of W-operads may look complicated. Illustration by string
diagram, which will follow, should be more intuitive.

▶ Definition 11 (W-operad [57, Def. 2]). Let W be a verbal category. A W-operad O =
(O, id, subst) consists of the following.

A functor O : W → Set. For each object n ∈ W, the set On is denoted by On. For each
morphism α : m → n in W and p ∈ Om, the element (Oα)p ∈ On is also denoted by αp.
An element id ∈ O1.
For each n ∈ N and m⃗ = (mi ∈ N)i∈n, a function

substn,m⃗ : On ×
∏
i∈nOmi

→ Om, (5)

where m =
∑
i∈nmi. Its value at (q, p⃗) ∈ On ×

∏
i∈nOmi is denoted by substn,m⃗(q, p⃗).

These data are subject to the following axioms.
The compatibility of the subst functions (5) with the action by morphisms in W: for any
β : n′ → n and α⃗ = (αi : m′

i → mi)i∈n in W, the following diagram commutes.

On′ ×
∏
i∈n Om′

i
On′ ×

∏
i′∈n′ Om′

β(i′) Om′

On ×
∏
i∈n Omi Om

1 ×
∏

i′∈n′ πβ(i′) substn′,m⃗β

substn,m⃗

Oβ ×
∏

i∈n
Oαi O(β ⋆ α⃗)

(6)

Here, πi :
∏
i∈nOm′

i
→ Om′

i
is the i-th projection (and hence πβ(i′) is the β(i′)-th projec-

tion), m⃗β = (mβ(i′))i′∈n′ , and β ⋆ α⃗ is from Def. 7.
The unit laws: for each natural number m and each p ∈ Om, we have

subst1,(m)(id, (p)) = p = substm,(1)i∈m
(p, (id)i∈m).

The associativity law:

substn,m⃗
(
r,

(
substmj ,ℓ⃗(j)(qj , p⃗(j))

)
j∈n

)
= substm,ℓ⃗

(
substn,m⃗(r, q⃗), p⃗

)
,

for all n ∈ N, m⃗ = (mj ∈ N)j∈n, ℓ⃗ = (ℓ⃗(j))j∈n =
(
(ℓ(j)
i ∈ N)i∈mj

)
j∈n, r ∈ On, q⃗ = (qj ∈

Omj )j∈n, and p⃗ = (p⃗(j))j∈n =
(
(p(j)
i ∈ O

ℓ
(j)
i

)i∈mj

)
j∈n, where m =

∑
j∈nmj. ⌟

Note that the unit and associativity laws in Def. 11 are identical to those for (symmetric
or non-symmetric) operads and multicategories (see e.g. [33, Def. 2.1.1]).

The idea is that a W-operad O encodes an algebraic theory in the “substructural context”
corresponding to W. More specifically, an element p of On represents an n-ary term (modulo

provable equality) in the algebraic theory, and can be depicted as the “gadget” p··
·n

with n input wires and one output wire. The action of morphisms of W on the functor O
amounts to rearranging the input wires. For example, if W = F and α : 3 → 4 is the function
depicted on the left of (1), then αp ∈ O4 can be obtained from p ∈ O3 as follows.

αp = p
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Syntactically, the 4-ary term αp is defined from the 3-ary term p as (αp)(x0, x1, x2, x3) =
p(x1, x3, x1). We depict id ∈ O1 as a wire (i.e. id = ) and substn,m⃗(q, p⃗) as follows.

q··
·

p0··
·m0

pn−1··
·mn−1

m (7)

Syntactically, id corresponds to the variable x0 regarded as a unary term, and the term
substn,m⃗(q, p⃗) is obtained by suitably substituting p⃗ for the variables in q. For example,

subst2,(2,1)
(
q(x0, x1),

(
p0(x0, x1), p1(x0)

) )
= q

(
p0(x0, x1), p1(x2)

)
;

note that the variable x0 in the term p1 is renamed to x2. The unit and associativity laws
for W-operads will be trivial from these pictorial or syntactic viewpoints; the compatibility
axiom (6) can be understood in an analogous manner, too. See [33, Chap. 2] for an extended
discussion with many pictures in the case where W = Fid or Fbij. We will discuss examples
of W-operads in § 3.5.

The general notion of W-operad specializes to the following:
Fid-operads coincide with non-symmetric operads [33],
Fbij-operads coincide with symmetric operads [25],
Fsurj-operads coincide with regular operads [53], and
F-operads coincide with (abstract) clones [57, Thm. on p. 751].

The classes of W-operads for various W can also be regarded as a generalization of the Boom
hierarchy, whose relevance to distributive laws has been noted; see [26, § 7] and [65, Chap. 6].

▶ Remark 12. For any verbal category W, the functor category [W,Set] is known to have
a monoidal structure (J, •) called the substitution monoidal structure, with the inclusion
functor J : W → Set as the unit object; see [34, 54, 55] or [10, § 4]. Given P,Q ∈ [W,Set]
and m ∈ W, an element of (Q • P )m is a tuple(

q ∈ Qn, (pi ∈ Pmi)i∈n, α ∈ W(
∑
i∈nmi,m)

)
(8)

modulo a suitable equivalence relation (see [10] for a coend formula). The data (8) can be
depicted as follows.

q··
·

p0··
·

pn−1··
·

α··
·m

Using the substitution monoidal structure (J, •), W-operads can be identified with monoid
objects in ([W,Set], J, •).

While the substitution monoidal structure provides a nice conceptual viewpoint (cf.
Rem. 18), its definition requires some work and is not necessary for the purposes of this paper.
Hence, we give an exposition that does not rely on the substitution monoidal structure. ⌟
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3.3 The Monad Induced by a W-Operad
In this section, we show that every W-operad O induces a monad Mnd(O) on Set. Intuitively,
Mnd(O) is the (finitary) monad corresponding to the algebraic theory expressed by O. One
way of making this precise is to proceed as follows. Define the notion of O-algebra in Set (as
in [58, Def. 1.1]), show that the forgetful functor Alg(O) → Set from the category Alg(O)
of O-algebras is monadic, and then let Mnd(O) be the induced monad on Set.

Instead, here we use left Kan extensions to define Mnd(O). This is useful for describing
the canonical distributive laws later.

▶ Definition 13 (Mnd(O)). Let W be a verbal category and O = (O, id, subst) be a W-operad.
The monad Mnd(O) induced by O is

Mnd(O) = (LanJO, η, µ), (9)

using the unit and multiplication described below. ⌟

Here, LanJO in (9) is the left Kan extension of O along the inclusion functor J :

W Set

Set

O

J
LanJO

⇒

(10)

Concretely, for each X ∈ Set, the set (LanJO)X is the coend∫ n∈W
On ×Xn (11)

(cf. e.g. [19, Prop. 4.1]), which can be constructed as follows. First form the set∑
n∈NOn ×Xn, (12)

whose element we write as
(
p, (xi)i∈n

)
where p ∈ On and xi ∈ X (with n ∈ N), or sometimes

as (p, x⃗). The set (LanJO)X is the quotient of the set (12) under the smallest equivalence
relation ∼ on (12) such that(

p, (xα(i))i∈m
)

∼
(
αp, (xj)j∈n

)
(13)

for each morphism α : m → n in W, p ∈ Om, and (xj)j∈n ∈ Xn. (Writing (xα(i))i∈m
as x⃗α, (13) can be expressed concisely as (p, x⃗α) ∼ (αp, x⃗).) The ∼-equivalence class
containing (p, x⃗) is denoted by [p, x⃗]. Given a function f : X → Y between sets, the function
(LanJO)f : (LanJO)X → (LanJO)Y maps each

[
p, (xi)i∈n

]
∈ (LanJO)X to

[
p, (fxi)i∈n

]
.

The unit η of the monad Mnd(O) at X ∈ Set is the function ηX : X → (LanJO)X
mapping each x ∈ X to [id ∈ O1, x ∈ X1] ∈ (LanJO)X. The naturality of η is clear.

The multiplication µ of Mnd(O) at X is µX : (LanJO)(LanJO)X → (LanJO)X given by[
q ∈ On,

(
[pj ∈ Omj

, (x(j)
i )i∈mj

∈ Xmj ]
)
j∈n ∈

(
(LanJO)X

)n ]
7−→

[
substn,m⃗(q, p⃗) ∈ Om,

(
(x(j)
i )i∈mj

)
j∈n ∈ Xm

]
,

where m⃗ = (mj)j∈n, m =
∑
j∈nmj , and p⃗ = (pj)j∈n. Well-definedness of µX follows from

(6), while the naturality of µ is clear. This definition of µ crucially uses the subst operation
of O – its depiction in (7) with a string diagram should illustrate how µ works.
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The monad axioms for Mnd(O) = (LanJO, η, µ) follow from the unit and associativity
axioms for the W-operad O.

It is not hard to see that the Eilenberg–Moore category of the monad Mnd(O) coincides
with the category Alg(O) of O-algebras defined in [58, Def. 1.1]. This shows that Mnd(O)
can indeed be obtained by the construction sketched in the beginning of § 3.3. One can also
see the coincidence by endowing the set (LanJO)X with the free O-algebra structure over
X, as in [58, Thm. 1.4].

▶ Definition 14 (W-operadicity). A monad S (on Set) is W-operadic if there exists a
W-operad O with Mnd(O) ∼= S. When moreover such a W-operad O is unique up to
isomorphism, we say that S is uniquely W-operadic. ⌟

▶ Remark 15. Intrinsic characterization of W-operadicity is known for some W.
(1) See [63, Def. 3.1 and Thms 10.1 and 2] for a characterization of Fid-operadic monads

(also known as strongly analytic monads).
(2) See [63, Def. 3.2 and Thms 10.10 and 11] for a characterization of Fbij-operadic monads

(also known as analytic monads).
(3) See [53, § 2.4] for a characterization of Fsurj-operadic monads (also known as semi-analytic

monads or finitary taut monads).
(4) A monad is F-operadic iff it is finitary (folklore). ⌟

We can simplify the coend formula (11) in some cases.

▶ Proposition 16.
(1) When W = Fid, (11) coincides with (12).
(2) When W = Fbij, (11) is

∑
n∈NOn ×Fbij(n,n) X

n, where On ×Fbij(n,n) X
n is the quotient

of On ×Xn with respect to the following equivalence relation [24]:{ (
(p, x⃗α), (αp, x⃗)

) ∣∣ p ∈ On, x⃗ ∈ Xn, α ∈ Fbij(n, n)
}
.

(3) When W = Fsurj, (11) is
∑
S∈PfinX

O|S|, where |S| is the cardinality of S. ⌟

Here is an observation with potential consequences on distributive laws (see Rem. 44).

▶ Proposition 17. When W is Fbij, Fsurj, or F, any W-operadic monad is uniquely W-
operadic. When W is Fid, Fm,inj, or Finj, there exists a W-operadic monad which is not
uniquely W-operadic. ⌟

▶ Remark 18. Recall Rem. 12. The left Kan extension and restriction along the inclusion
functor J : W → Set induces a lax monoidal adjunction

([Set, Set], 1, ◦) ([W, Set], J, •),
LanJ

[J,Set]

⊢ (14)

where the monoidal structure (1, ◦) on [Set,Set] is given by composition of endofunctors (cf.
[10, § 5]). It then follows that the adjunction (14) lifts to the categories of monoid objects:

Mon([Set, Set], 1, ◦) Mon([W, Set], J, •).
Mon(LanJ )

Mon([J,Set])

⊢

Note that Mon([Set,Set], 1, ◦) is the category Mnd(Set) of monads on Set, whereas
Mon([W,Set], J, •) is the category W-Opd of W-operads. Our construction Mnd(−) is
Mon(LanJ). We discuss the functor Mon([J,Set]) in § 6; see in particular Prop. 57. ⌟
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3.4 Change of Base
When one verbal category W is a subcategory of another W′, we obtain two-way constructions
between W-operads and W′-operads – this is much like the one in Rem. 18 between W-
operads and monads. We describe these constructions, together with their consequence on
the relationship with monads.

Let W and W′ be verbal categories such that W is a subcategory of W′; this fixes the
inclusion functor K : W → W′. Firstly, given a W′-operad O′, it is easy to see that the
restriction of O′ along K is a W-operad. Its underlying functor is given by W K−→ W′ O′

−→ Set.
Conversely, given a W-operad O, we define its extension O′ = (O′, idO′

, substO
′
) along K

which is a W′-operad. Its underlying functor is given, much like in (10), by the left Kan
extension O′ = LanKO. Concretely, for any n′ ∈ W′, we have

O′
n′ = (LanKO)n′ ∼=

∫ n∈W
On × W′(n, n′),

whose element is denoted by [ p ∈ On, α ∈ W′(n, n′) ].
The unit idO′

for the extension O′ is [ idO ∈ O1, id1 ∈ W′(1, 1) ] ∈ O′
1. For n′ ∈ N and

m⃗′ = (m′
i′ ∈ N)i′∈n′ , the substitution operation

substO
′

n′,m⃗′ : O′
n′ ×

∏
i′∈n′ O′

m′
i′

→ O′
m′

for O′ (with m′ =
∑
i′∈n′ m′

i′) is given by(
[q ∈ On, β ∈ W′(n, n′)],

(
[pi′ ∈ Omi′ , αi′ ∈ W′(mi′ ,m

′
i′)]

)
i′∈n′

)
7−→

[
substOn,m⃗β(q, p⃗β) ∈ Om, β ⋆ α⃗ ∈ W′(m,m′)

]
,

where m⃗β = (mβ(i))i∈n, p⃗β = (pβ(i))i∈n, m =
∑
i∈nmβ(i), and α⃗ = (αi′)i′∈n′ . The use of ⋆,

from Def. 7, is crucial here.
Regarding the relationship to § 3.3, we have the following.

▶ Proposition 19.
(1) Let K : W → W′ be an inclusion of verbal categories and O′ be the extension of a

W-operad O along K. Then O′ is a W′-operad and Mnd(O′) ∼= Mnd(O).
(2) Consequently, any W-operadic monad is W′-operadic, too. ⌟

From the viewpoint of algebraic theories, a W-operad O and its extension O′ express the
same algebraic theory. In contrast, the restriction construction may modify the theory.

3.5 Examples
Here we look at examples of W-operads and W-operadic monads. In general, for any verbal
category W, the functor ∆W

1 : W → Set constant at the terminal object 1 ∈ Set has a
unique structure of a W-operad; we call it the terminal W-operad and write ∆W

1 for it.

▶ Example 20 (W = Fid). Using Prop. 16(1), we obtain the following.
The list monad (−)∗ (corresponding to the theory of monoids) is induced by the terminal
Fid-operad ∆Fid

1 .
The C-exception monad EC (Ex. 1) is induced by an Fid-operad; specifically O =
(O, id, subst) with O0 = C, O1 = {id}, and O2 = O3 = · · · = ∅.
The M-writer monad WM (Ex. 3) is induced by an Fid-operad O = (O, id, subst) with
O0 = ∅, O1 = M (where id is the unit 1 ∈ M of the monoid M), and O2 = O3 = · · · = ∅.

Hence these monads are Fid-operadic. See [33, Chap. 2] for more examples. It follows from
Rem. 15(1) that every Fid-operadic monad is cartesian in the sense of [33, Def. 4.1.1]. ⌟
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We revisit the verbal substitution operation ⋆ (Def. 7).

▶ Proposition 21. Let W be a verbal category and Omon be the W-operad obtained from the
terminal Fid-operad ∆Fid

1 via extension (§ 3.4).
(1) Omon is the W-operad for monoids, with the underlying functor Omon

n =
∑
n′∈N W(n′, n).

(2) The substitution operation of Omon coincides with the verbal substitution operation ⋆ in
W, i.e., substO

mon
(β, α⃗) = β ⋆ α⃗. ⌟

The intuition for Prop. 21(1) is that α : n′ → n in W represents a word of length n′ over
the alphabet n = {0, 1, . . . , n− 1} in the W-substructural context.

We return to examples of W-operads.

▶ Example 22 (W = Fm,inj). Whereas not much seems to be known about Fm,inj-operads,
we note the following.

The terminal monad constant at 1 ∈ Set (corresponding to the algebraic theory with a
constant symbol c and the axiom x = c) is induced by the terminal Fm,inj-operad ∆Fm,inj

1 .
The monad 1+(−)∗ for the algebraic theory of monoids with zero (P = (P, 1, ·, 0) such that
(P, 1, ·) is a monoid and 0 ∈ P satisfies 0 · x = 0 = x · 0 for all x ∈ P ) is Fm,inj-operadic.

We can also see that these Fm,inj-operadic monads are not Fid-operadic, via the fact that
every Fid-operadic monad is cartesian (see Ex. 20): the terminal monad is not cartesian
since its unit is not; the monad 1 + (−)∗ is not cartesian since its multiplication is not. ⌟

▶ Example 23 (W = Fbij). The following monads are Fbij-operadic.
The multiset monad M (Ex. 4(1)). It is induced by the terminal Fbij-operad ∆Fbij

1 .
More generally, the N[M]-multiset monad MN[M] (Ex. 4), where N[M] is the monoid
semiring of a monoid M; see below.

The monoid semiring construction N[−] (with natural numbers as coefficients) is an analogue
of the well-known group ring construction, and is the left adjoint in the following adjunction
between the categories SRing of semirings and Mon of monoids (folklore):

SRing Mon.
N[−]

(−)mult

⊢ (15)

Here, the right adjoint (−)mult sends each semiring S = (S, 0,+, 1, ·) to its multiplicative
monoid Smult = (S, 1, ·).

Given a monoid M, the Fbij-operad OM inducing the N[M]-multiset monad MN[M] can be
constructed as follows [60, Ex. 3]. Define the functor OM : Fbij → Set with OM

n = Mn; this
assignment is covariantly functorial because every morphism in Fbij is invertible. We set
id = 1 ∈ M , and subst by componentwise multiplication: e.g.,

subst2,(1,2)
(
(u, v), ((x), (y, z))

)
= (ux, vy, vz).

In contrast, the Z-multiset monad MZ (corresponding to the theory of abelian groups) is
not Fbij-operadic; note that the ring Z of integers is not of the form N[M]. For a rigorous
proof of this, one can use Rem. 15(2) and observe that the functor part of the monad MZ

does not preserve the following (weak) pullback in Set:
0 0

2 1
. (In fact, this shows that MZ

is not even Fsurj-operadic, by Rem. 15(3).) ⌟

▶ Example 24 (W = Finj). Thanks to Prop. 19(2), any monad that is either Fm,inj-operadic
(Ex. 22) or Fbij-operadic (Ex. 23) is Finj-operadic. Here is an additional class of Finj-operadic
monads, combining certain features of the Fm,inj-operadic monad 1 + (−)∗ for monoids with
zero and the Fbij-operadic monad MN[M]:
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The N0[P]-multiset monad MN0[P] is Finj-operadic for any monoid with zero P.
Here, N0[P] is the contracted monoid semiring (cf. [9, § 5.2]) of P, which we now explain.
The underlying set of N0[P] is the set M(P \ {0}) of all finite multisets (see Ex. 4(1)) over
the set P \ {0} of nonzero elements of P. The addition in N0[P] is given by the usual
addition of multisets (so the additive commutative monoid of N0[P] is the free commutative
monoid over P \ {0}), whereas the multiplication in N0[P] is defined using the multiplication
of P. The construction N0[−] admits a characterization similar to that for N[−] in (15):
it is the left adjoint of the adjunction N0[−] ⊣ (−)mult,0 : SRing → Mon0, where Mon0
is the category of monoids with zero and the right adjoint (−)mult,0 maps each semiring
S = (S, 0,+, 1, ·) ∈ SRing to Smult,0 = (S, 1, ·, 0) ∈ Mon0.

An Finj-operad OP inducing the N0[P]-multiset monad MN0[P] can be constructed as
follows. The underlying functor OP : Finj → Set is given by OP

n = Pn. Its action on
morphisms of Finj is defined using 0 ∈ P ; for example, if α : 2 → 3 is given by α(0) = 2 and
α(1) = 0, then OPα maps (p0, p1) ∈ OP

2 to α(p0, p1) = (p1, 0, p0) ∈ OP
3 .2 The rest of the

operad structure of OP is similar to that of OM in Ex. 23.
The indexed valuation monad IV of [62] turns out to be an instance of MN0[P], with P =

(R≥0, 1, ·, 0). Although it happens to be Fbij-operadic as well – note that N0[(R≥0, 1, ·, 0)] ∼=
N[(R>0, 1, ·)] as semirings – it can be naturally obtained from the valuation monad V = MR≥0

(Ex. 4(3)) as its Finj-operadic refinement; see § 6.3 for details. ⌟

▶ Example 25 (W = Fsurj). Using Prop. 16(3), we see that the following monads are
Fsurj-operadic.

The finite powerset monad Pfin (Ex. 4(2)), induced by the terminal Fsurj-operad ∆Fsurj
1 .

The nonempty finite powerset monad P+
fin (Ex. 5(1)).

The probability distribution monad D (Ex. 5(2)).
For example, the probability distribution monad D is induced by the Fsurj-operad O with
On = { p ∈ Dn | supp p = n } (see Ex. 4 for supp). More generally, for any semiring
S = (S, 0,+, 1, ·) such that 0 ̸= 1 and that S \ {0} is closed under + and ·, the S-multiset
monad MS (Ex. 4) and the affine S-multiset monad AS (Ex. 5) are Fsurj-operadic. ⌟

▶ Example 26 (W = F). As mentioned in Rem. 15(4), every finitary monad is F-operadic.
Thus all monads corresponding to finitary algebraic theories (such as those for groups, rings,
etc.) are F-operadic. In particular, all monads mentioned in § 2 are F-operadic, with the
proviso that for the C-reader monad RC (Ex. 2) to be F-operadic, C must be a finite set. ⌟

4 W-Commutative Monads

In this section, we introduce the notion of W-commutative monad (on Set) for any verbal
category W. The definition (Def. 32) uses a lax monoidal structure (η1, ψ) on the functor
part T of a monad T = (T, η, µ) – the structure exists even when T is not commutative. We
recall it in § 4.1. For verbal categories W in (2), the W-commutativity of monads can be
characterized by a suitable combination of known conditions on monads, namely (ordinary)
commutativity, affinity, and relevance; see Prop. 36.

2 Whereas letting α(p0, p1) = (p1, 1, p0) also defines a functor Finj → Set, the axiom (6) fails. A similar
argument shows that [58, Ex. 2.3] with W = F is incorrect.
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4.1 Strengths and Lax Monoidal Structures
In order to define W-commutative monads, we first recall standard facts about strength and
lax monoidal structure on a monad on Set. See [14, Appendix A] for details.

▶ Definition 27 (strength τ [28, 30, 40]). Let T : Set → Set be a functor. A left (tensorial)
strength on T is a natural transformation

τ =
(
τX,Y : X × TY → T (X × Y )

)
X,Y ∈Set

making the following diagrams commute for all sets X, Y , and Z.

1 × TX T (1 × X)

TX

τ1,X

∼= ∼=

(X × Y ) × TZ T
(
(X × Y ) × Z

)
X × (Y × TZ) X × T (Y × Z) T

(
X × (Y × Z)

)
τX×Y,Z

∼=
1 × τY,Z τX,Y ×Z

∼=

Dually, a right (tensorial) strength on T is a natural transformation τ ′ =
(
τ ′
X,Y : TX ×

Y → T (X × Y )
)
X,Y ∈Set satisfying the dual axioms. ⌟

▶ Remark 28 (see e.g. [40]). Any functor T : Set → Set has a unique left (resp. right)
strength τ (resp. τ ′). For sets X and Y , τX,Y : X × TY → T (X × Y ) is defined as follows.
For each x ∈ X, τX,Y (x,−) : TY → T (X × Y ) is Tix, where ix : Y → X × Y is the function
mapping each y ∈ Y to (x, y) ∈ X × Y . (See [14, Prop. 68] for details.) ⌟

▶ Definition 29 (lax monoidal structure ψ [28]). Let T = (T, η, µ) be a monad, and τ and τ ′

be the unique left and right strengths on T as in Rem. 28. Define a family

ψ =
(
ψX,Y : TX × TY → T (X × Y )

)
X,Y ∈Set

of morphisms as follows.

ψX,Y : TX × TY
τ ′

X,T Y−−−−→ T (X × TY ) TτX,Y−−−−→ TT (X × Y ) µX×Y−−−−→ T (X × Y ) ⌟

▶ Proposition 30. Let T = (T, η, µ) be a monad. Then the family ψ in Def. 29 to-
gether with η1 : 1 → T1 makes the functor part T of T into a lax monoidal functor
(T, η1, ψ) : (Set, 1,×) → (Set, 1,×) [28, Thm. 2.1]. Moreover, the unit η and the left
strength τ are monoidal natural transformations. ⌟

▶ Remark 31. Note that in Prop. 30 we only claim that the functor part T of a monad T
is lax monoidal. In order for the monad T to be lax monoidal (in the sense that it is a
monad in the 2-category of monoidal categories, lax monoidal functors, and monoidal natural
transformations), the multiplication µ has to be monoidal, which is equivalent to T being
commutative in the ordinary sense. ⌟

4.2 W-Commutativity
Let T be a monad (on Set). Thanks to Prop. 30, for any n ∈ N and n-tuple X⃗ = (Xi)i∈n of
sets, we obtain a well-defined morphism

ψX⃗ :
∏
i∈n TXi → T

(∏
i∈nXi

)
(16)
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by composing various components of ψ appropriately. (When n = 0, (16) is η1 : 1 → T1;
when n = 1, (16) is the identity on TX0.) In particular, this means that we construct the
morphisms (16) so that the following holds. For any n ∈ N, n-tuple X⃗ = (Xi)i∈n of sets, and
0 ≤ k ≤ n, let X⃗ ′ = (Xi)i∈k and X⃗ ′′ = (Xk+i)i∈n−k. Then

∏
i∈k TXi ×

∏
i∈n−k TXk+i

∏
i∈n TXi

T
(∏

i∈k Xi

)
× T

(∏
i∈n−k Xk+i

)
T

(∏
i∈k Xi ×

∏
i∈n−k Xk+i

)
T

(∏
i∈n Xi

)

∼=

ψX⃗′ × ψX⃗′′

ψX′,X′′

ψX⃗

∼=

(17)

commutes, where X ′ =
∏
i∈kXi and X ′′ =

∏
i∈n−kXk+i. As in [11, § 3.2], we set

ψ
(n)
X : (TX)n → T (Xn) (18)

as the special case of (16) with X0 = X1 = · · · = Xn−1 = X. Note in particular that
ψ

(0)
X = η1 : 1 → T1 and ψ

(1)
X is the identity on TX.

▶ Definition 32 (W-commutative monad). Let W be a verbal category. A monad T = (T, η, µ)
is W-commutative if, for each morphism α : m → n in W and set X, the diagram

(TX)n T (Xn)

(TX)m T (Xm)

ψ
(n)
X

(TX)α

ψ
(m)
X

T (Xα) (19)

commutes. ⌟

▶ Remark 33. It follows directly from Def. 32 that W-commutativity of a monad T is
down-closed with respect to W: if T is W′-commutative, then it is W-commutative for any
W ⊆ W′. We discussed this monotonicity in § 1 (cf. (3)). ⌟

▶ Remark 34. The functor part T of a monad T admits another canonical lax monoidal
structure (η1, ψ

′), where ψ′ is obtained by swapping the order of τ and τ ′ in the definition of
ψ (Def. 29). We have ψ = ψ′ iff T is commutative in the ordinary sense. Using ψ′ instead of
ψ, we obtain the evident analogues of (16) and (18), and hence of Def. 32. The resulting
class of W-commutative monads coincides with the one defined here using ψ. ⌟

The following result establishes certain “robustness” of the notion of W-commutative
monad, by giving an alternative characterization.

▶ Proposition 35. Let T = (T, η, µ) be a monad and α : m → n be a morphism in F. Then
the following are equivalent.
(1) For each n-tuple X⃗ = (Xj)j∈n of sets, the following diagram commutes.

∏
j∈n TXj T

(∏
j∈n Xj

)
∏
i∈m TXα(i) T

(∏
i∈m Xα(i)

)
ψX⃗

⟨πα(i)⟩i∈m
ψX⃗α

T ⟨πα(i)⟩i∈m (20)

Here, X⃗α = (Xα(i))i∈m and πα(i) is the α(i)-th projection from the product
∏
j∈n TXj

or
∏
j∈nXj.

(2) For each set X, the diagram (19) commutes. ⌟
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We note that (19) is closely related to residual diagrams of [11, 45]; see § 5.3. The diagram
(20) also appears in [59, Def. 2].

As already mentioned, for some verbal categories W, the W-commutativity of a monad
can be characterized by means of known conditions on monads, such as (ordinary) com-
mutativity [28], affinity [29], relevance [20], n-relevance [46, 45], and hyperaffinity [23, 16]
(see [14, Appendix B] for details about these conditions).

▶ Proposition 36 (cf. [45]). (1) Any monad is Fid-commutative.
(2) A monad is Fm,inj-commutative iff it is affine.
(3) A monad is Fbij-commutative iff it is commutative.
(4) A monad is Finj-commutative iff it is commutative and affine.
(5) A monad is Fsurj-commutative iff it is commutative and relevant.
(6) A monad is F-commutative iff it is hyperaffine.
(7) For n > 0, a monad is F(n)

surj-commutative (Ex. 9) iff it is commutative and n-relevant. ⌟

4.3 Examples
Here are examples of W-commutative monads. We describe them via the characterizations
of Prop. 36, since examples for those characterizations have been studied well.

▶ Example 37 (commutative monads). The M-writer monad WM (Ex. 3) is commutative
iff the monoid M is commutative.
The S-multiset monad MS (Ex. 4) is commutative iff the semiring S is commutative. In
particular, the finite powerset monad Pfin is commutative, but is not affine or relevant.
The C-exception monad EC (Ex. 1) is commutative iff |C| ≤ 1. ⌟

▶ Example 38 (affine monads). The affine S-multiset monad AS (Ex. 5) is affine for any
semiring S. In particular, the probability distribution monad D and the nonempty finite
powerset monad P+

fin are affine (and commutative). D and P+
fin are not relevant. ⌟

▶ Example 39 (relevant monads). The M-writer monad WM (Ex. 3) is relevant iff the monoid
M is idempotent. The C-exception monad EC (Ex. 1) is relevant for any set C. ⌟

▶ Example 40 (hyperaffine monads). The C-reader monad RC (Ex. 2) is hyperaffine. ⌟

5 Canonical Distributive Laws

Having introduced the notions of W-operad (§ 3) and W-commutative monad (§ 4) for each
verbal category W, we are now ready to present the construction of the canonical distributive
laws. We first recall the general definition of distributive laws.

▶ Definition 41 (distributive law [3]). Let S = (S, ηS, µS) and T = (T, ηT, µT) be monads. A
distributive law of S over T is a natural transformation δ : ST → TS making the following
four diagrams (stating the compatibility of δ with ηS, µS, ηT, and µT, respectively) commute.

T

ST TS

ηST

δ

TηS
SST STS TSS

ST TS

Sδ δS

µST
δ

TµS

S

ST TS

SηT

δ

ηTS
STT TST TTS

ST TS

δT Tδ

SµT

δ
µTS

When δ satisfies the first two axioms above (compatibility of δ with ηS and µS) but not
necessarily the last two, we say that (T, δ) is a monad functor from S to S [52], or that δ is
a distributive law of the monad S over the endofunctor T (as opposed to the monad T). ⌟
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The following theorem presents our construction of distributive laws. Note the structure
of the result: without additional assumptions, it yields only a distributive law δ of a monad
over an endofunctor T . To obtain a genuine distributive law of a monad over a monad T,
one must furthermore impose either condition 1) or 2) in the second paragraph of Thm. 42.

▶ Theorem 42. Let W be a verbal category, O = (O, id, subst) be a W-operad, and T =
(T, ηT, µT) be a W-commutative monad. Let Mnd(O) = (LanJO, ηMnd(O), µMnd(O)) denote
the W-operadic monad induced by O (§ 3.3). Then the family

δ =
(
δX : (LanJO)TX → T (LanJO)X

)
X∈Set, (21)

of functions defined below (in § 5.1) gives rise to a distributive law of the monad Mnd(O)
over the endofunctor T .

Moreover, δ is a distributive law of Mnd(O) over the monad T – δ is compatible with µT,
in particular – whenever either of the following conditions is satisfied: 1) T is commutative,
or 2) On = 0 for all n > 1.

▶ Remark 43. When W is symmetric (see Def. 8), the W-commutativity of a monad T
implies the ordinary commutativity of T (Prop. 36(3)), and hence Cond. 1) of Thm. 42. In
contrast, Cond. 2) of Thm. 42 can never be satisfied when the verbal category W contains
Fm,inj. We use Cond. 2) of Thm. 42 only when W = Fid (see Exs 51 and 52).

To see the necessity of the additional conditions, consider the case where W = Fid, O is
the terminal Fid-operad (thus Mnd(O) is the list monad; see Ex. 20), and T is the list monad.
By Prop. 36(1), T is Fid-commutative. However, it is known that there is no distributive law
of the list monad over itself [66, Ex. 4.18]. ⌟

As announced in § 1, the additional condition 1) for δ’s compatibility with µT directs our
main focus to verbal categories that admit exchange (E), in particular W = Fbij,Finj,Fsurj,
and F (see (3)). In fact, compatibility with ηT holds without such a condition; see below.

5.1 The Construction
Here we define δ in (21), under the situation of the first paragraph of Thm. 42. Fix a set X.
Since the domain (LanJO)TX of δX is the coend

∫ n∈W
On × (TX)n (see (11)), to give the

function δX is equivalent to giving a family(
δ̄X,n : On × (TX)n → T (LanJO)X

)
n∈W (22)

of functions extranatural in n ∈ W (see e.g. [37, § IX.6]). We define δ̄X,n as the composite of

On × (TX)n On × T (Xn) T (On × Xn) T (LanJO)X,
1 × ψ

(n)
X τOn,Xn Tκn

where 1) ψ(n)
X : (TX)n → T (Xn) was defined in (18), 2) τOn,Xn is the left strength (Def. 27)

of T , and 3) κn : On ×Xn → (LanJO)X is the n-th coprojection of the coend (11).
We have to show the extranaturality of (22), that is, that the following diagram commutes

for any morphism α : m → n in W:

Om × (TX)n On × (TX)n

Om × (TX)m T (LanJO)X.

Oα × 1

1 × (T X)α

δ̄X,m

δ̄X,n (23)
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This can be seen by considering the following diagram.

Om × (TX)n On × (TX)n

Om × T (Xn) On × T (Xn)

T (Om × Xn) T (On × Xn)

Om × (TX)m Om × T (Xm) T (Om × Xm) T (LanJO)X

Oα × 1

1 × ψ
(n)
X

1 × (TX)α

1 × ψ
(n)
X

Oα × 1

1 × T (Xα)

τOm,Xn

1 × ψ
(m)
X τOm,Xm Tκm

T (Oα × 1)

T (1 × Xα)

τOn,Xn

Tκn

(bifunctoriality of ×)

(naturality of τ)

(extranaturality of κ)

(naturality of τ)

(W-commutativity (19))

The defining condition (19) of W-commutativity is crucial here.
See [14, Appendix D.6] for the rest of the proof of Thm. 42. We note that the compatibility

of δ with ηMnd(O), µMnd(O), and ηT holds without Conditions 1) or 2). It is the compatibility
of δ with µT where the additional assumption is needed.

Some examples are in § 5.2. Other known distributive laws can be seen to be not instances
of Thm. 42, see e.g. [47, § 9].

▶ Remark 44. Let S be a W-operadic monad which is not uniquely W-operadic (cf. Prop. 17).
Given a W-commutative monad T, the construction of the natural transformation δ : ST →
TS presented here refers to the choice of a W-operad O inducing S. Hence it is a priori
possible that δ varies with this choice. At present, we are not aware of such an example. ⌟

In contrast, we can show that the choice of W does not matter, as we now explain.
Let W and W′ be verbal categories such that W ⊆ W′, O be a W-operad, and T be
a W′-commutative monad. Then T is W-commutative as well (Rem. 33). On the other
hand, we saw in Prop. 19(1) that O induces a W′-operad O′ by extension, and that O
and O′ induce isomorphic monads, which we identify and write as S. Thus we can apply
the construction at the beginning of § 5.1 to (W,O,T) as well as to (W′,O′,T), obtaining
natural transformations δ and δ′ respectively, both of type ST → TS.

▶ Proposition 45. In the above situation, we have δ = δ′. ⌟

5.2 Examples
Here is a concrete description – in algebraic terms, see e.g. [47, 49] – of the general construction
of δ : ST → TS in § 5.1. We give it by an example. Consider an S-term over T-terms over X

p
(
t0(v, w), t1(x, y, z)

)
∈ STX, (24)

where p is a binary S-term, t0 and t1 are T-terms, and v, w, x, y, z ∈ X. It is carried by δX
to the following T-term over S-terms over X:

t0
(
t1

(
p(v, x), p(v, y), p(v, z)

)
, t1

(
p(w, x), p(w, y), p(w, z)

) )
∈ TSX. (25)

The term t0 appears outside t1 because, in the definition of the lax monoidal structure ψ
(Def. 29), the left occurrence of T is pulled out first. When T is commutative – as in most
cases of interest – swapping t0 and t1 in (25) (with the corresponding rearrangement of
arguments) yields the same element of TSX.

▶ Example 46. Let W = Fbij, S be the list monad (−)∗ (whose operations we write
multiplicatively), and T be the abelian group monad MZ (written additively). Letting
p(x, y) = xy, t0(v, w) = v+2w, and t1(x, y, z) = x+3y+z, (24) becomes (v+2w)(x+3y+z)
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and (25) becomes vx + 3vy + vz + 2wx + 6wy + 2wz. Thus Thm. 42 gives rise to the
“archetypal” distributive law δ expressing the “distribution of multiplication over addition”.
As is well-known, δ makes the composite TS into the ring monad [3, § 4(1)]. ⌟

▶ Example 47. Let W = Finj, S be the multiset monad M (Ex. 23), and T be the probability
distribution monad D (Ex. 38). Thm. 42 induces the distributive law studied in [22, 32]. ⌟

▶ Example 48. Let W = Fsurj, S be either of the semigroup, commutative semigroup, or
nonunital semilattice monad, and T be the maybe monad 1 + (−) (Exs 37 and 39). Thm. 42
induces the distributive law S(1 +X) → 1 + SX yielding the monoid, commutative monoid,
or (unital) semilattice monad as the composite monad. ⌟

▶ Example 49. Let W = F, S be any finitary monad on Set, and T be the C-reader monad
RC (Ex. 40). Thm. 42 induces the canonical distributive law S(XC) → (SX)C . A related
distributive law appears in [12, Prop. 40]. In fact, this construction works for any (not
necessarily finitary) monad S on Set [5, Prop. 2.2]. We note that our construction with
W = F coincides with [5, Cor. 4.3(c)], which is a special case of [5, Thm. 4.2]. ⌟

▶ Example 50. Let W = Finj, S be the indexed valuation monad IV of [62] (which we show
is indeed Finj-operadic in § 6.3), and T be the nonempty finite powerset monad P+

fin. Thm. 42
induces the distributive law IV P+

fin → P+
finIV constructed in [62] to model combination of

probabilistic and nondeterministic choice.
Letting T be the probability distribution monad D instead, we obtain another distributive

law δ : IV D → DIV . This δ turns out to be closely related to a family λ = (λX : DDX →
DDX)X∈Set of morphisms introduced in [61] for a new semantics of MDPs. The family
λ does not form a distributive law of D over itself since it is not natural; indeed, no such
distributive law exists [66].

In summary, we observed that the general construction of Thm. 42 yields a distributive
law δ : IV D → DIV , which resolves the categorical ill-behavedness of λ : DD → DD used
in [61]. Its consequence in MDP semantics is an exciting direction of future work. The
benefit of such “indexing” in program semantics is also observed in [35]. ⌟

Exs 51 and 52 below exploit Cond. 2 of Thm. 42.

▶ Example 51. Let W = Fid, S be the C-exception monad EC (Ex. 20), and T be an
arbitrary monad on Set. Thm. 42 yields the distributive law C + TX → T (C +X) induced
by the unit of T [3, § 4(2)]. ⌟

▶ Example 52. Let W = Fid, S be the M-writer monad WM (Ex. 20), and T be an arbitrary
monad on Set. Thm. 42 yields the distributive law M × TX → T (M ×X) given by the left
strength τ of T [3, § 4(3)]. ⌟

The distributive laws of Exs 51 and 52 (or more precisely, their generalizations to base
categories other than Set) are used in [18, Cor. 3 and Thm. 12] to model combination of
computational effects with exception and output.

5.3 Eilenberg–Moore Liftings and Kleisli Extensions
Let S and T be monads. A distributive law δ : ST → TS is known to correspond to each of
the following data (see e.g. [15, Prop. 6]).
Eilenberg–Moore lifting: A lifting T of the monad T to the Eilenberg–Moore category SetS

of S, as on the left of (26).
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Kleisli extension: An extension S of the monad S to the Kleisli category SetT of T, as on
the right of (26).

SetS SetS

Set Set

T

US
T US

Set Set

SetT SetT

S

FT S FT (26)

Here we comment on these aspects.
There are a few works [38, 45, 11] that pursue goals close to ours using the above Eilenberg–

Moore characterization. In the latter, since the functor part T of any monad T = (T, η, µ) on
Set has the lax monoidal structure (η1, ψ) (see Prop. 30), any n-ary operation f : Xn → X

on a set X induces the n-ary operation

(TX)n
ψ

(n)
X−−−→ T (Xn) Tf−−→ TX

on TX. Thus the key question towards the existence of T is the following: does T preserve
equations used in an equational presentation of the algebraic theory corresponding to S?

In this context, it has been noted that any commutative monad preserves linear equations
(expressible by Fbij-operads) [38, Lem. 4.3.3], any commutative and affine monad preserves
non-dup equations (expressible by Finj-operads) [11, Thm. 9], and any commutative and
relevant monad preserves non-drop equations (expressible by Fsurj-operads) [11, Thm. 8].

These results in [11] use what they call residual diagrams ([11, § 4.1]), which look close to
our (19). The notion of W-commutative monad (Def. 32) unifies various residual diagrams in
our systematic, operadic, and presentation-independent framework parametrized in a verbal
category W. Residual diagrams are used in [45] for concrete applications of a general and
abstract lifting result [45, Thm. 3.14] (which formalizes our algebraic arguments above).

An interpretation of our results in the second, Kleisli extension characterization, is as
follows. From now on, let W be a symmetric verbal category, O be a W-operad, and T be
a W-commutative monad. In this situation, the canonical symmetric monoidal structure
of the Kleisli category SetT has enough structure to accommodate the notion of O-algebra
in SetT. These O-algebras then correspond to Eilenberg–Moore algebras of the extended
monad Mnd(O) on SetT, corresponding to our δ in Thm. 42.

We sketch a definition of O-algebras in SetT, independently from the extended monad
Mnd(O). First we need:

▶ Proposition 53. Every set X induces a W-operad EndT(X) = (EndT(X), id, subst) with
EndT(X)n = SetT(Xn, X) = Set(Xn, TX);
id = ηX ∈ Set(X,TX); and
given g ∈ Set(Xn, TX) and f⃗ =

(
fi ∈ Set(Xmi , TX)

)
i∈n, subst(g, f⃗) ∈ Set(Xm, TX)

(with m =
∑
i∈nmi) is the following composite:

Xm ∼=
∏
i∈nX

mi

∏
i∈n

fi

−−−−−→ (TX)n
ψ

(n)
X−−−→ T (Xn) Tg−−→ TTX

µX−−→ TX. ⌟

We note that the commutativity of T is used to show the associativity axiom of EndT(X),
whereas the W-commutativity of T is used to show the compatibility axiom (6) for subst.
As usual, we define the notion of O-algebra via operad homomorphisms to endomorphism
operads (see e.g. [33, § 6.4]).
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▶ Definition 54. An O-algebra in SetT is a pair (X, ξ), where X is a set and ξ is a
homomorphism of W-operads from O to EndT(X) (meaning a natural transformation O →
EndT(X) compatible with id and subst). Similarly, define the notion of homomorphism of
O-algebras (X, ξ) → (Y, υ) as a morphism X → Y in SetT suitably compatible with the
algebra structures ξ and υ. ⌟

▶ Proposition 55. The category of O-algebras in SetT and their homomorphisms is iso-
morphic to the Eilenberg–Moore category of the monad Mnd(O) extended to the Kleisli
category SetT via the distributive law δ of Thm. 42. ⌟

6 W-Operadic Refinement of a Monad

Let W be a verbal category. In § 3.3, we constructed a monad Mnd(O) from any W-operad
O. In this section, we first construct a W-operad W-Opd(S) from any monad S (§ 6.1; cf.
Rem. 18). This provides us with a universal way of turning any monad S into a W-operadic
one, namely Mnd(W-Opd(S)), which we call the W-operadic refinement of S. As explained
in § 1, this construction is useful when an obstacle to the existence of a distributive law
δ : ST → TS of a monad S over a W-commutative monad T is the lack of W-operadicity of
S. We illustrate its use in §§ 6.3 and 7.

6.1 From Monads to W-Operads
Let S = (S, η, µ) be a monad (on Set). The W-operad W-Opd(S) induced by S is defined
as follows. The underlying functor of W-Opd(S) is the composite W J−→ Set S−→ Set.
The element id ∈ SJ1 = S1 is the one corresponding to η1 : 1 → S1. Given n ∈ N and
m⃗ = (mi ∈ N)i∈n, the function

substn,m⃗ : Sn×
∏
i∈n Smi → Sm,

where m =
∑
i∈nmi, is defined as follows. For each q ∈ Sn and p⃗ = (pi ∈ Smi)i∈n, we set

substn,m⃗(q, p⃗) ∈ Sm as the element corresponding to the composite

1 q−→ Sn
Sp̄−−→ SSm

µm−−→ Sm,

where p̄ : n → Sm maps each i ∈ n to (Sιm⃗,i)(pi) (ιm⃗,i : mi → m is from Def. 6). It is
straightforward to check that this defines a W-operad W-Opd(S).

▶ Example 56. Let S be a semiring. For the S-multiset monad MS (Ex. 4), we have:
Fbij-Opd(MS) is the Fbij-operad OSmult (see Ex. 23) induced by the multiplicative monoid
Smult of S, and
Finj-Opd(MS) is the Finj-operad OSmult,0 (see Ex. 24) induced by the multiplicative
monoid with zero Smult,0 of S. ⌟

▶ Proposition 57 (cf. Rem. 18). Let W be a verbal category. The constructions Mnd(−)
(from § 3.3) and W-Opd(−) form an adjunction

Mnd(Set) W-Opd
Mnd(−)

W-Opd(−)

⊢ (27)

between the categories Mnd(Set) of monads on Set and W-Opd of W-operads. ⌟
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6.2 Turning Any Monad Into a W-Operadic Monad
▶ Definition 58 (W-operadic refinement RfW(S)). Let W be a verbal category and S be a
monad. The (W-operadic) monad Mnd(W-Opd(S)) is called the W-operadic refinement of
S and is denoted by RfW(S). ⌟

In view of Prop. 57, RfW(−) is the comonad on Mnd(Set) generated by the adjunction
(27). Hence for each S ∈ Mnd(Set), there exists a canonical monad morphism εS : RfW(S) →
S (the counit of (27) at S) with the suitable universal property. In this sense, RfW(S) is the
universal W-operadic monad induced by S.

The following is an easy consequence of Exs 23, 24, and 56.

▶ Proposition 59. Let S be a semiring.
(1) The Fbij-operadic refinement RfFbij(MS) of the S-multiset monad MS (Ex. 4) is the

N[Smult]-multiset monad MN[Smult].
(2) The Finj-operadic refinement RfFinj(MS) of the S-multiset monad MS is the N0[Smult,0]-

multiset monad MN0[Smult,0]. In particular, the Finj-operadic refinement RfFinj(Pfin) of
the finite powerset monad Pfin is the multiset monad M. ⌟

For W = Fsurj and Fbij, W-operadic refinements have the following concrete presentations.

▶ Proposition 60 (cf. Prop. 16(2) and (3)). Let S be a monad.
(1) The functor part of its Fsurj-operadic refinement RfFsurj(S) maps X to

∑
A∈PfinX

SA.
(2) The functor part of its Fbij-operadic refinement RfFbij(S) maps X to

{
(n, [p, x⃗]∼n

)
∣∣n ∈

N, p ∈ Sn, x⃗ ∈ Xn
}

, where ∼n is given by the natural action of bijections α : n ∼=→ n. ⌟

The presentation in Prop. 60(2) (for W = Fbij) is almost the same as the general
presentation{

(n, p, x⃗)
∣∣n ∈ N, p ∈ Sn, x⃗ ∈ Xn

}
/∼, where ∼ is induced by arrows in W, (28)

of RfW(S) = Mnd(W-Opd(S)) =
∫ n∈W

Sn×Xn for general W (cf. § 3.3 & Def. 58). The
difference is that the equivalence ∼n in Prop. 60(2) is specific to each n, while ∼ in (28) can
relate (n, p, x⃗) ∼ (n′, p′, x⃗′) with n ̸= n′. An operational intuition is discussed later in Ex. 66.

6.3 The Indexed Valuation Monad Revisited
As mentioned in § 1, in order to model the combination of probability and nondeterminism,
Varacca and Winskel [62] consider the existence of a distributive law V P+

fin → P+
finV of the

valuation monad V (Ex. 4(3)) over the nonempty finite powerset monad P+
fin (Ex. 5(1)). Such

a distributive law does not exist, but they obtain a distributive law IV P+
fin → P+

finIV of
the indexed valuation monad IV over P+

fin. They construct IV by removing “problematic”
equational axioms from an equational presentation of V.

Since P+
fin is Finj-commutative (Ex. 38), from our point of view, a natural approach is to

replace V with its Finj-refinement RfFinj(V).
In this case, these two approaches lead to the same result:

▶ Proposition 61.
(1) The Finj-operadic refinement RfFinj(V) of the valuation monad V is the indexed valuation

monad IV.
(2) The distributive law of IV over P+

fin obtained in [62, § 4.3] coincides with the one obtained
from Thm. 42. ⌟
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The key to the proof of Prop. 61(1) is to observe that the set IV (X) of finite indexed valu-
ations [62, Def. 4.3] can be written as the coend IV (X) =

∫ n∈Finj MR≥0n×Xn. Props 61(1)
and 59(2) yield the following novel characterization of IV.

▶ Corollary 62. The indexed valuation monad IV is isomorphic to the N0[(R≥0)mult,0]-multiset
monad MN0[(R≥0)mult,0]. ⌟

▶ Remark 63. In general, simply removing “problematic” axioms from an equational present-
ation of an algebraic theory does not give the same result as the W-operadic refinement.
(An easy way to see this is to notice that the W-operadic refinement construction is not
idempotent in general.) In fact, the former construction is presentation-dependent, whereas
our W-operadic refinement construction is a universal construction independent of presenta-
tions (see Prop. 57). We leave it for future work to see whether the similar modification of
the theory done in [11, § 5] can be captured by a suitable W-operadic refinement. ⌟

7 Application: Distributive Laws via Operadic Refinements

We have discussed examples of W-operadic monads (§ 3.5), W-commutative monads (§ 4.3),
and canonical distributive laws between them (§ 5.2). Those distributive laws, in particular,
can be seen as application of our theory. In this section, we discuss application of our
categorical framework as a whole.

We follow the storyline sketched in § 1. Recall that
we are mainly interested in four verbal categories W = Fbij,Finj,Fsurj, and F, with the
inclusion order shown in (3);
and that, to get the canonical distributive law (Thm. 42) to work, we need a nonempty
intersection between 1) the upper set of S’s W-operadicity and 2) the lower set of T’s
W-commutativity.

The empty intersection of the two sets is a sign that a distributive law may not exist (although
a non-canonical distributive law may exist, see e.g. [47, § 9]).

▶ Example 64.
(1) Let S = D (the probability distribution monad) and T = Pfin (the finite powerset monad).

Then S = D is not Fbij-operadic (by Rem. 15(2)). In contrast, the lower set of T’s
commutativity is seen to be {Fbij} by Prop. 36. Thus this is an “empty intersection”
situation.
Indeed, this is the combination for which Plotkin’s counterexample shows there is no
distributive law [62].

(2) Similarly, one can show that (S,T) = (Pfin,Pfin) is an “empty intersection” situation. ⌟

In such situations with the empty intersection, as discussed in § 1, we consider using
operadic refinement in § 6 to modify S.

▶ Example 65. For the above pairs (S,T) = (D,Pfin), (Pfin,Pfin), we replace S with the
Fbij-refinement RfFbij(S); the refinements are intensional and indexed versions of S (cf.
Prop. 60(2)). We obtain a canonical distributive law δ :

(
RfFbij(S)

)
T → T

(
RfFbij(S)

)
;

Thm. 42 guarantees that δ is well-defined and satisfies the required axioms. ⌟

▶ Example 66. Let S = Pfin and T = WM (the writer monad) with commutative M. Then S
is not Fbij-operadic while T is only Fbij-commutative in general (§ 4.3). Therefore we replace
S with RfFbij(S), and obtain the following canonical distributive law.

RfFbij(Pfin)(W MX) W M(RfFbij(Pfin)X)(
n,

[
p, (mi, xi)i∈n

]
∼n

) ( ∏
i∈n mi,

(
n,

[
p, (xi)i∈n

]
∼n

) )δX

(29)
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Here we used the presentation of RfFbij(Pfin) in Prop. 60(2), with n ∈ N, p ∈ Pfinn, mi ∈ M

and xi ∈ X. The operational intuition here is that 1) n processes are spawned, 2) Process i
(for each i ∈ n) produces output xi, writing mi as side effect, and 3) this mi is used, in the
combined effect

∏
i∈nmi, no matter if Process i’s output xi is used in the Pfin-effect context

p ∈ Pfinn. See [14, Appendix C] for further discussions. ⌟

8 Conclusions and Future Work

We developed a general theory of monads and distributive laws that is parametrized by
a verbal category W, a notion for substructural contexts by Tronin [58]. The theory is
categorical, unifying previous observations e.g. in [45, 11] in a presentation-independent
manner. We constructed a canonical distributive law ST → TS that stands in the balance
between W-operadicity of S and W-commutativity of T.

Extension to base categories other than Set is an obvious future direction. Accommodating
“modify T” approaches [20, 6, 36] is another. Application to program logics [35, 39] and MDP
model checking [61] is a practically important direction.
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