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Abstract
The logic of bunched implications (BI), introduced by O’Hearn and Pym (1999), has attracted
significant attention due to its elegant proof calculus, varied semantics, and close connections to the
propositional fragment of separation logic. We show here that provability in BI is undecidable by
encoding Wang tilings into its ternary relational semantics. Equivalently, this yields the undecidability
of the equational theory of BI-algebras.

Our result is much more general, applying to the {∧,∨,¬,−∗}-fragment of stronger and weaker
logics: the negation simply needs to be disjointive, and the multiplicative conjunction need not be
commutative (then −∗ splits into two divisions \, /). Consequently, our result covers an interval that
includes BI, the non-commutative logic GBI, and Boolean BI (BBI), the latter already known to be
undecidable.

This result contrasts with a long-standing expectation that BI might be decidable. We also
identify the gaps in the publications claiming decidability.
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1 Introduction

The logic of bunched implications (BI) was introduced by O’Hearn and Pym [24] in 1999 as
a logic combining additive (intuitionistic) and multiplicative (substructural) connectives. In
particular, the logic contains two implications: an intuitionistic implication and a substruc-
tural implication. From a proof-theoretic perspective – its original formulation – BI has an
elegant definition as the free combination of the sequent calculi for intuitionistic propositional
logic and multiplicative intuitionistic linear logic (MILL).
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46:2 The Logic of Bunched Implications Is Undecidable

BI provides an intuitionistic framework for reasoning about resources [13]. Indeed, the
early attention received by BI, and its Boolean counterpart BBI, can be attributed to
its prominent role as the assertion logic of separation logic, an extension of Hoare-style
reasoning for imperative programs that manipulate pointers and mutable heaps. Separation
logic [27, 28] enabled reasoning about the use of shared data structures, heap mutation,
pointer aliasing and (de)allocation of memory, followed by later applications to concurrent
dynamic memory management [2, 3]. In these interpretations, the logical connective ∗ can
be used to make assertions that hold on disjoint portions of the heap, hence enabling local
reasoning about a program’s memory footprint [26]. This approach dramatically simplifies
verification of heap-manipulating programs and scales modular reasoning to large codebases
by permitting a local focus rather than on the global heap.

The practical significance of separation logic is evident in modern automated verification
tools: Infer [6, 12], a static analysis tool that is deployed at Facebook/Meta uses separation
logic to analyze millions of lines of code, in order to find null-pointer dereferences, memory
leaks, and other bugs. This is a striking example of the utility of formal logic in real-world
software reliability and safety.

In the decades following its introduction, the interest in BI has extended well beyond
its connections to separation logic. This inspired the study of further logics in the vicinity,
such as Generalized BI [9] (non-commutative version of BI), and its counterpart in the
classical setting of Boolean algebras with operators [16, 15]. The algebraic semantics of
GBI-logic is given by residuated Heyting algebras, i.e., bounded residuated lattices with a
Heyting implication (hence the underlying lattice is distributive). These algebras are called
GBI-algebras, and if the Heyting algebra is a Boolean algebra, then they are known as
residuated monoid algebras or rm-algebras for short. The corresponding logic is abbreviated
BGBI and its commutative version is BBI.

Against this backdrop, the computational status of BI has remained its most prominent
open question. Given the apparent simplicity of its sequent calculus, and with provability
for its two constituent systems being in PSPACE, there was an expectation – several
papers [11, 17, 9] were even published claiming this result – that BI was decidable. This
continued to be the case even when the undecidability of BGBI and BBI, first proven
in [22], became widely known through independent rediscoveries (in the commutative case)
by [5, 4, 23].

In this work, we finally resolve the computational status of BI by showing that many
bunched implication logics, including BI and GBI as well as their {∧,∨,¬, \, /}-reducts, are
undecidable. The proof proceeds by a reduction from the Wang Tiling Problem and it may
be of standalone interest, as cognate proof methods have recently been useful within both
relevant and modal logic [18, 19, 20].

The paper is organized as follows. Section 2 includes the preliminaries needed to state
and clarify the scope of the undecidability result. Section 3 contains the main argument
showing that the tiling problem can be interpreted into the class of disjointive distributive
residuated lattices. In Section 4, we point out the gaps in previous claims of decidability for
BI. Finally, Section 5 provides details of the connection between the algebraic semantics and
frame semantics of disjointive distributive residuated lattices.

An alternative proof of undecidability for BI – a reduction from the acceptance problem
in And-branching Counter Machines (ACMs) – appears in the preprint [8].
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ϕ ⇒ ϕ

Γ ⇒ ϕ
Γ ≡ ∆∆ ⇒ ϕ
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w

Γ(∆; ∆′) ⇒ ϕ

Γ(∆; ∆) ⇒ ϕ
c

Γ(∆) ⇒ ϕ

⊥LΓ(⊥) ⇒ ϕ
Γ(∅×) ⇒ ϕ

1LΓ(1) ⇒ ϕ
1R∅× ⇒ 1

Γ(∅+) ⇒ ϕ
⊤LΓ(⊤) ⇒ ϕ

Γ(ϕ, ψ) ⇒ χ
∗L

Γ(ϕ ∗ ψ) ⇒ χ

Γ ⇒ ϕ ∆ ⇒ ψ
∗R

Γ,∆ ⇒ ϕ ∗ ψ
∆ ⇒ ϕ Γ(ψ) ⇒ χ

−∗LΓ(∆, ϕ −∗ ψ) ⇒ χ

Γ, ϕ ⇒ ψ
−∗RΓ ⇒ ϕ −∗ ψ

Γ(ϕ;ψ) ⇒ χ
∧L

Γ(ϕ ∧ ψ) ⇒ χ

Γ ⇒ ϕ ∆ ⇒ ψ
∧RΓ; ∆ ⇒ ϕ ∧ ψ

∆ ⇒ ϕ Γ(ψ) ⇒ χ
→L

Γ(∆; ϕ → ψ) ⇒ χ

Γ;ϕ ⇒ ψ
→R

Γ ⇒ ϕ → ψ

⊤R∅+ ⇒ ⊤
∆ ⇒ ϕ Γ(ϕ) ⇒ ψ

cut
Γ(∆) ⇒ ψ

Γ(ϕ) ⇒ χ Γ(ψ) ⇒ χ
∨L

Γ(ϕ ∨ ψ) ⇒ χ

Γ ⇒ ϕi (i = 1, 2)
∨RiΓ ⇒ ϕ1 ∨ ϕ2

Figure 1 The LBI sequent calculus [11]. In the above, Γ ≡ ∆ indicates that ∆ can be obtained
from Γ using the commutative monoid equations for the structural connectives , and ;.

2 Preliminaries and Results

In this section, we set out the preliminaries, state the main result, and explain how it applies
to BI in particular. The logic BI can be defined in three equivalent ways: via a proof-theoretic
sequent calculus (see Figure 1), via BI-algebras (presented below), and via its relational
semantics (discussed shortly).

▶ Definition 1 (Formulas, bunches, and sequents). For a denumerable set P of propositional
letters, the formulas of BI are given by the grammar:

φ ::= p ∈ P | ⊤ | ⊥ | 1 | φ ∧ φ | φ ∨ φ | φ → φ | φ ∗ φ | φ −∗ φ.

Bunches are, in turn, defined as follows:

Γ ::= φ | ∅+ | ∅× | Γ; Γ | Γ,Γ.

Sequents are pairs Γ ⇒ φ, where Γ is a bunch and φ is a formula. We write ⊢BI Γ ⇒ φ, or
simply ⊢ Γ ⇒ φ, if the sequent Γ ⇒ φ is provable in the bunched calculus of BI (given in
Figure 1), and ⊬ Γ ⇒ φ if it is not.

It is easy to see that a sequent Γ ⇒ φ is provable in the BI calculus iff the sequent Γ̂ ⇒ φ

is provable iff the sequent ⊤ ⇒ Γ̂ → φ is provable, where Γ̂ is the formula obtained from the
bunch Γ by replacing comma by ∗, semicolon by ∧, ∅+ by ⊤, and ∅× by 1. As a result, the
decidability of BI is equivalent to deciding sequents of the form ⊤ ⇒ φ.

We now turn to the algebraic semantics of BI.

▶ Definition 2 (BI-algebras). A BI-algebra is an algebra of the form A = (A,∧,∨,→
,⊤,⊥, ∗,−∗, 1) where (A,∧,∨,→,⊤,⊥) is a Heyting algebra, (A, ∗, 1) is a commutative
monoid, and ∗ is residuated by −∗; that is, for all x, y, z ∈ A,

x ∗ y ≤ z iff y ≤ x −∗ z,

where ≤ is the lattice order.
A BBI-algebra is a BI-algebra where the underlying Heyting algebra is Boolean.

▶ Remark 3 (The algebra Pω(N)+). A specific BI-algebra will play a central role in our proof,
as its equational theory will provide an upper bound for an interval of undecidable theories
that includes BI. To define it, let Pω(N) := {X ⊆ N | X is finite} be the set of finite sets of
natural numbers. Taking its powerset P(Pω(N)), we form the algebra Pω(N)+ by equipping
it with operations as follows:

LICS 2026



46:4 The Logic of Bunched Implications Is Undecidable

Pω(N)+ :=
(
P(Pω(N)),∩,∪,→,Pω(N),∅, ∗,−∗, {∅}

)
where

→ is Boolean implication, i.e., X → Y := Xc ∪ Y

∗ is point-wise union, i.e., X ∗ Y := {x ∪ y | x ∈ X, y ∈ Y }
−∗ is the residual of ∗, i.e., X −∗ Y := {z | for all x ∈ X: z ∪ x ∈ Y }.

That Pω(N)+ is a BBI-algebra follows from the fact that it has a Boolean reduct and it
is the powerset algebra of a commutative monoid, so residuation holds (cf., e.g., Theorem
3.32 of [10]).

It is well known (e.g., see [10]) that residuation can be captured equationally, so the class
BI of all BI-algebras is a variety by Birkhoff’s theorem. Cf. [26], the variety BI serves as
algebraic semantics for BI, in that for all BI-formulas φ and ψ,

⊢ φ ⇒ ψ iff BI ⊨ φ ≤ ψ.

Here, by BI ⊨ φ ≤ ψ, we mean that A ⊨ φ ≤ ψ for all BI-algebras A; this, in turn, means that
for all homomorphisms h from the BI-formula (term) algebra to A, it holds that h(φ) ≤ h(ψ).
Combined with previous observations, we have ⊢BI Γ ⇒ ψ iff BI ⊨ Γ̂ ≤ ψ.

Of interest to us will be the special (and, as discussed before, equivalent) case where
Γ = ⊤. For brevity, we write A ⊭ φ if A ⊭ ⊤ ≤ φ, and we say that the BI-algebra A refutes
the formula φ; we say that BI refutes φ, written BI ⊭ φ, if there is some BI algebra that
refutes φ. It then follows that

⊬ ⊤ ⇒ φ iff BI ⊭ φ.1 (1)

We will show that it is undecidable whether, given input φ, BI ⊭ φ – i.e., that BI has
an undecidable equational theory – and thus get the undecidability of provability for the
BI-calculus.

However, the scope is broader: our main theorem establishes undecidability for many
systems besides BI, both weaker and stronger. Among these, of perhaps particular interest is
the non-commutative variant of BI studied in [9, 14], which does not assume commutativity of
∗, denotes it by · instead, and trades one residual (−∗) for two: a left division (\) and a right
division (/). The resulting algebras, called GBI-algebras (generalized bunched implication
algebras), form a variety GBI and are defined as follows.

▶ Definition 4 (GBI-algebras). A GBI-algebra is an algebra of the form A = (A,∧,∨,→
,⊤,⊥, ·, \, /, 1) where (A,∧,∨,→,⊤,⊥) is a Heyting algebra, (A, ·, 1) is a monoid, and \, /
are the left and right divisions of ·; that is, for all x, y, z ∈ A,

x · y ≤ z iff y ≤ x\z iff x ≤ z/y.

Observe that if · is commutative, then x\y = y/x, whence BI-algebras are precisely the
commutative GBI-algebras.

For undecidability, a much weaker setting suffices. In Heyting algebras – the additive part
of (G)BI-algebras – the intuitionistic negation is defined by ¬x := x → ⊥ and satisfies the laws
of a pseudocomplement, i.e., x ∧ y ≤ ⊥ iff y ≤ ¬x. Every Heyting algebra (A,∧,∨,→,⊤,⊥)

1 Note that we do not denote ⊤ ⇒ φ by the shorter ⇒ φ, as the latter is ambiguous between ∅+ ⇒ φ
and ∅× ⇒ φ, corresponding to ⊤ ⇒ φ and 1 ⇒ φ, respectively.
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is therefore a pseudocomplemented distributive lattice (A,∧,∨,¬,⊤,⊥), but the converse
does not hold: pseudocomplemented distributive lattices (A,∧,∨,¬,⊤,⊥) need not have a
residual (→) to ∧.

Our proof, however, requires neither a Heyting implication (→) nor a full pseudocomple-
ment (nor even the multiplicative unit 1). It suffices to have a unary operation ¬ validating
explosion, i.e., x ∧ ¬x ≤ y. In this case ⊥ := x ∧ ¬x becomes a definable constant; altern-
atively and equivalently, we may add a primitive constant ⊥ in the language and stipulate
the explosion equation in the form x ∧ ¬x = ⊥. In any case, the explosion equation is
strictly weaker than the pseudocomplementation demand, as for example in the latter case
the negation operation is also antitone and satisfies double-negation introduction. As the
equation x ∧ ¬x = ⊥ corresponds to the fact that a set is disjoint from its complement, we
refer to it as the disjointive equation. The weakest algebras of concern are thus the following.

▶ Definition 5. A disjointive distributive residuated lattice is an algebra of the form
(A,∧,∨,⊤,⊥,¬, ·, \, /) where (A,∧,∨,⊤,⊥) is a bounded distributive lattice, (A, ·) is a
semigroup, \, / residuate ·, and ¬ is a disjointive operation, i.e., for all x ∈ A,

x ∧ ¬x = ⊥.

Observe that (G)BI-algebras (or their appropriate reducts, which we will conflate when
harmless) are, in particular, disjointive distributive residuated lattices. Specifically, the
BI-algebra Pω(N)+ from Remark 3 is a disjointive distributive residuated lattice.

As a final generalization worth mentioning, we obtain undecidability already in the
fragment of the language without ·; algebraically, this corresponds to the equational theories
of the {·}-free reducts. In the case of BI, cf. (1), this means undecidability of deciding whether
⊢ ⊤ ⇒ φ (or ⊢ ∅+ ⇒ φ), when the input φ is a formula in the language {⊤,⊥,∧,∨,¬,−∗}
(where ¬α := α → ⊥).2

We have described the general setting to which our undecidability result pertains. The result
is obtained by a reduction from the Wang Tiling Problem, formulated in [30], which we now
proceed to define.

▶ Definition 6 (Wang tiling). A (Wang) tile is a 4-tuple

t = (t1, t2, t3, t4) ∈ N4.

We think of t as a square tile with “colors” t1, t2, t3, t4 on its up, down, left, and right edge,
respectively, and we define U(t) = t1, D(t) = t2, L(t) = t3, R(t) = t4.

Given a finite set W of tiles, we say that a function τ : N2 → W is a tiling (of N2

with W), if τ assigns matching colors to the common sides of adjacent tiles, i.e., if for all
(m,n) ∈ N2,

U(τ(m,n)) = D(τ(m,n+ 1)) and R(τ(m,n)) = L(τ(m+ 1, n)).

We say that a finite set of tiles W is a (Wang) tiling or that W tiles N2, if there is a tiling
function τ : N2 → W (see Fig. 2).

The (Wang) tiling problem takes as input a finite set of tiles W and asks whether W is a
tiling.

2 In fact, we even show undecidability for formulas φ in the language without the bounds, {∧,∨,¬,−∗},
albeit ⊥ is definable in this language as x ∧ ¬x and ⊤ as ⊥ −∗ ⊥.
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1
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(a) {(1, 3, 2, 2),

3
2

1
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(3, 1, 2, 2)}

1
2

3
2

(b) {(1, 3, 2, 2),

1
2

1
3

(1, 1, 3, 2)}

Figure 2 Examples of (a) tiles that tile N2, and of (b) tiles that do not.

By assigning to every Turing machine T a set of tiles WT and showing that a non-
terminating run of T yields a Wang tiling of N2 with WT , [1] proved the following.

▶ Theorem 7 ([1]). The tiling problem is undecidable.

We achieve undecidability of BI by reducing the tiling problem to BI’s provability problem.
In brief, we computably associate to each finite set of tiles W a formula ϕW , and show that
W tiles N2 iff BI ⊭ ϕW . Thus, cf. (1), a Turing machine T terminates iff ⊢ ⊤ ⇒ ϕWT .

En route, we prove two key lemmas, which serve to give a lower bound and an upper
bound, respectively, for an interval of undecidable theories. We state them here to show how
they imply undecidability of BI, but postpone their proofs to the subsequent section.

▶ Lemma 8. Let W be a finite set of tiles. If W tiles N2, then Pω(N)+ ⊭ ϕW .

▶ Lemma 9. Let W be a finite set of tiles, and A a disjointive distributive residuated lattice.
If A ⊭ ϕW , then W tiles N2.

Combined, the lemmas lead to our main theorem.

▶ Theorem 10. Every class of disjointive distributive residuated lattices that contains Pω(N)+

has an undecidable equational theory.

Proof. Let K be the class and let W be a finite set of Wang tiles. By Lemma 9, if K ⊭ ϕW ,
then W tiles N2. Conversely, by Lemma 8, if W tiles N2, then Pω(N)+ ⊭ ϕW , so K ⊭ ϕW .
Thus, W tiles N2 iff K ⊭ ϕW (that is, iff K ⊭ ⊤ ≤ ϕW), whence the tiling problem reduces to
the equational decision problem for K. ◀

▶ Theorem 11. BI is undecidable.

Proof. Pω(N)+ is a BI-algebra and BI-algebras are, in particular, disjointive distributive
residuated lattices. Consequently, Theorem 10 applies. Specifically, cf. (1), it is undecidable
whether, given a formula φ, the sequent ⊤ ⇒ φ is derivable in the BI calculus. ◀

As we will see, the tiling formulas ϕW will actually use only the language {∧,∨,¬, \, /},
which corresponds to {∧,∨,¬,−∗} in the commutative setting. As a result, undecidability
holds already in this fragment, as we discussed in the paragraph leading to footnote 2.

Further, as GBI-algebras are disjointive distributive residuated lattices, and Pω(N)+ – as
a BI-algebra – is a GBI-algebra, Theorem 10 also entails undecidability of the equational
theory of GBI.

▶ Theorem 12. GBI is undecidable.

Similarly, since Pω(N)+ is a BBI-algebra, we attain a proof that BBI (Boolean Bunched
Implication Logic) is undecidable, a result earlier achieved in [22, 5, 23, 19].

▶ Theorem 13. BBI is undecidable.
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Additionally, arguments of [19] readily transfer to our context, leading to undecidability of
many variants of BBI, notably within the {∗}-free fragment.

Lastly, there is one final consequence of Theorem 10 we wish to highlight. [21] showed
that the variety of distributive residuated lattices (which include a multiplicative unit 1) has
a decidable equational theory (hence also the class of subreducts without unit). In contrast,
from Theorem 10, it follows that the variety of disjointive distributive residuated lattices
(with or without a multiplicative unit 1) has an undecidable equational theory.

▶ Theorem 14. The variety of disjointive distributive residuated lattices has an undecidable
equational theory.

That is, the mere presence of an operation ¬ with x ∧ ¬x = ⊥ is enough to cross from the
decidable to the undecidable.

3 Tiling proofs

We are left to prove Lemma 9 and 8. To this end, we work with dual, relational structures,
which we call disjointive associative frames and define as follows. (For readers familiar with
relational semantics for BI, we mention that these generalize the upwards and downwards
closed monoidal frames (UDMF), which form a complete semantics for BI [7].)

▶ Definition 15 (Frames and models). A (disjointive associative) frame is a triple F = (S, ◦, N)
where ◦ : S2 → P(S) is associative and N : P(S) → P(S) is disjointive, i.e., for all x, y, z ∈ S

and X ⊆ S,

(x ◦ y) ◦ z = x ◦ (y ◦ z) and X ∩N(X) = ∅.

Here, X ◦ Z =
⋃

{x ◦ z | x ∈ X, z ∈ Z}, X ◦ z = X ◦ {z} and x ◦ Z = {x} ◦ Z for X,Z ⊆ S.
Note that the notation z ∈ x ◦ y is equivalent to (and more convenient than) the more

traditional ternary relation notation R(x, y, z).
A (disjointive associative) model is a pair M = (F, V ) where F = (S, ◦, N) is a frame

and V is a valuation on S, i.e., a function V : P → P(S).

▶ Definition 16 (Satisfaction and refutation). For models M = (S, ◦, N, V ) and formulas φ
of the language {∧,∨,¬, \, /}, we define the satisfaction set of φ (w.r.t. M), written ∥φ∥M
or just ∥φ∥, recursively as follows.

∥p∥ := V (p) ∥¬φ∥ := N(∥φ∥)
∥φ ∧ ψ∥ := ∥φ∥ ∩ ∥ψ∥ ∥φ\ψ∥ := {s ∈ S | ∥φ∥ ◦ s ⊆ ∥ψ∥}
∥φ ∨ ψ∥ := ∥φ∥ ∪ ∥ψ∥ ∥ψ/φ∥ := {s ∈ S | s ◦ ∥φ∥ ⊆ ∥ψ∥}.

This corresponds to the following point-wise definition of satisfaction s ∈ ∥φ∥, written
M, s ⊩ φ or simply s ⊩ φ.

s ⊩ p iff s ∈ V (p)
s ⊩ ¬φ iff s ∈ N(∥φ∥)
s ⊩ φ ∧ ψ iff s ⊩ φ and s ⊩ ψ

s ⊩ φ ∨ ψ iff s ⊩ φ or s ⊩ ψ

s ⊩ φ\ψ iff ∀x, z ∈ S: if x ⊩ φ and z ∈ x ◦ s, then z ⊩ ψ

s ⊩ ψ/φ iff ∀y, z ∈ S: if y ⊩ φ and z ∈ s ◦ y, then z ⊩ ψ.

LICS 2026



46:8 The Logic of Bunched Implications Is Undecidable

A model M is said to refute a formula φ or that φ fails in M, written M ⊭ φ, if ∥φ∥M ̸= S,
i.e., if there is s ∈ S such that M, s ⊮ φ. We say that a frame F refutes a formula φ, or that
φ fails in F, and we write F ⊭ φ, if there is a valuation V such that (F, V ) ⊭ φ.

Take note that the definition of negation in terms of a disjointive operation precisely ensures
that M, s ⊩ ¬φ implies M, s ̸⊩ φ.
▶ Remark 17. Observe that if F = (S, ◦, N) is a disjointive associative frame, then

F+ :=
(
P(S),∩,∪, S,∅,¬, ·, \, /

)
is a disjointive distributive residuated lattice, where X ·Y := X ◦Y , X\Y := {z | X ◦z ⊆ Y },
Y/X := {z | z ◦ X ⊆ Y }, and ¬X := N(X) (see, e.g., Section 3.4.10 of [10]) and that the
definition of satisfaction set directly reflects these operations; we call this the complex algebra
of F. Also, note that valuations V : P → P(S) on the frame are in bijective correspondence
with homomorphisms h from the formula algebra to the complex algebra (given V , define h
by p 7→ V (p) = ∥p∥; and, vice versa, given h define V by p 7→ h(p)), and we have h(φ) = ∥φ∥
for all formulas φ in the language {∧,∨,¬, \, /}. It follows that F+ ⊭ φ iff F ⊭ φ; i.e., the
pointwise satisfaction relation ⊩ simply reflects the algebraic satisfaction of the complex
algebra.

In particular, the algebra Pω(N)+ of Remark 3 arises as the complex algebra of the
disjointive associative frame (Pω(N),∪, c), where ◦ is defined as ∪ and N is the complement-
ation operation c, so u ∈ s ◦ t ⇐⇒ u = s ∪ t, and N(X) = Xc. Hence, to prove Lemma 8,
it is enough to show that if W tiles N2 then (Pω(N),∪, c) ⊭ ϕW . We show this in Lemma 22
(which thereby is an equivalent, relational formulation of Lemma 8).3

Conversely, it is possible to define a disjointive associative frame from every disjointive
distributive residuated lattice and establish a completeness result. We do this in the next
lemma and defer its proof to Section 5.

▶ Lemma 18. If a formula in the language {∧,∨,¬, \, /} is refuted by a disjointive distributive
residuated lattice, then it fails in a disjointive associative frame.

For the benefit of readers who are familiar with the UDMF semantics of BI, we mention
that for the purposes of proving undecidability for BI the following specialization of Lemma 18
is enough; we include a proof of it also in Section 5.

▶ Lemma 19. If a formula in the language {∧,∨,¬,−∗} is refuted by a BI-algebra, then it
fails in a disjointive associative frame.

To prove Lemma 9, it therefore suffices to show that for every set of tiles W , if ϕW fails in
a disjointive associative frame, then W tiles N2. This is precisely the content of Lemma 23.

We continue with the definition of ϕW , given a finite set of tiles W , providing some intuition
for why the formulas take the form that they do. The reader might find it helpful to read the
explanations along with proofs of Lemma 22 where the formulas are applied in a concrete
model, and Lemma 23 where the the form of the formula is utilized to carve out structure in
the countermodel.

We use the convention that ¬ has highest binding power, then \, / and finally ∧,∨.

3 For those familiar with relational semantics for BI, it may be of interest to observe that every model
(Pω(N),∪, c, V ) defines an upwards and downwards closed monoidal model (Pω(N),=,∪, {∅}, V ) for
BI (and BBI). In fact, this can be used to provide an alternative proof of the undecidability of BI
that circumvents algebraic semantics by directly employing relational semantics. Because we then have
(Pω(N),∪, c) ⊭ ϕW implies (Pω(N),=,∪, {∅}) ⊭ ϕW implies ⊬ ⊤ ⇒ ϕW . Together with Lemma 22, this
shows that if W tiles N2 then ⊬ ⊤ ⇒ ϕW .
The converse direction (if ⊬ ⊤ ⇒ ϕW , then W tiles N2) can likewise be proven by employing UDMF
semantics and without appeal to algebraic semantics, as we elaborate on below.
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▶ Definition 20 (Tiling formulas). Given a finite set W of tiles, let {1, . . . , k} be the finite set
of colors involved, where k ∈ Z+, and we introduce propositional letters u1, . . . , uk, d1, . . . , dk,
l1, . . . , lk, r1, . . . , rk. For a tile t = (t1, t2, t3, t4), by abusing notation, we also write t for the
following corresponding conjunction of literals:(

ut1 ∧
∧

j ̸=t1

¬uj

)
∧

(
dt2 ∧

∧
j ̸=t2

¬dj

)
∧

(
lt3 ∧

∧
j ̸=t3

¬lj
)

∧
(
rt4 ∧

∧
j ̸=t4

¬rj

)
.

Furthermore, we will include the following propositional letters:
x, used to encode elements, composition by which can increment the x-coordinate, from
(m,n) to (m+ 1, n) ∈ N2.
y, used similarly to encode elements that increment along the y-axis.
c, used as a gadget to relate arbitrarily long sequences of elements in the model to the
initial element via associativity.
ee,oe,oo and eo, to be intuited as “a combination of an even number of xs and an even
number of ys”, . . ., “a combination of an even number of xs and an odd number of ys”,
respectively.

Using these propositional letters, we abbreviate:
x′ := x ∧ c ∧ c\c
y′ := y ∧ c ∧ c\c
eec := oe ∨ oo ∨ eo
oec := ee ∨ oo ∨ eo
ooc := ee ∨ oe ∨ eo
eoc := ee ∨ oe ∨ oo

Here, the superscripts c are intended to convey the implementation of a “notational comple-
ment”, and the conjuncts c\c are used to percolate the satisfaction of c within models in the
following sense: if y ∈ y1 ◦ y2, and also y1 ⊩ c and y2 ⊩ c\c, then y ⊩ c (use Definition 16).

We further abbreviate:

αee := ee ∧ ¬oe ∧ ¬oo ∧ ¬eo ∧ ¬(x′\oec) ∧∨
t∈W

(
t ∧ x\

[
ee ∨

(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)]

∧
[
ee ∨

(
eo ∧

U(t)=D(t′′)∨
t′′∈W

t′′
)]
/y

)

αoe := oe ∧ ¬oo ∧ ¬eo ∧ ¬ee ∧ ¬(ooc/y′) ∧∨
t∈W

(
t ∧ x\

[
oe ∨

(
ee ∧

R(t)=L(t′)∨
t′∈W

t′
)]

∧
[
oe ∨

(
oo ∧

U(t)=D(t′′)∨
t′′∈W

t′′
)]
/y

)

αoo := oo ∧ ¬eo ∧ ¬ee ∧ ¬oe ∧ ¬(x′\eoc) ∧∨
t∈W

(
t ∧ x\

[
oo ∨

(
eo ∧

R(t)=L(t′)∨
t′∈W

t′
)]

∧
[
oo ∨

(
oe ∧

U(t)=D(t′′)∨
t′′∈W

t′′
)]
/y

)

αeo := eo ∧ ¬ee ∧ ¬oe ∧ ¬oo ∧ ¬(eec/y′) ∧∨
t∈W

(
t ∧ x\

[
eo ∨

(
oo ∧

R(t)=L(t′)∨
t′∈W

t′
)]

∧
[
eo ∨

(
ee ∧

U(t)=D(t′′)∨
t′′∈W

t′′
)]
/y

)
Intuitively, for special “coordinate” points ⟨m,n⟩ in a model M, ⟨m,n⟩ ⊩ αEE states that
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(a) m and n correspond, respectively, to an even x-coordinate and an even y-coordinate [i.e,
ee,¬oe,¬oo,¬eo],

(b) the x-coordinate can be incremented to reach (odd, even) [i.e., ¬(x′\oec)], and
(c) there is some tile t ∈ W placed here – by the way a tile is defined, exactly one tile is placed

here – such that (i) an increment in the x-coordinate implies that we reach (odd, even),
where a unique tile t′ is placed whose left edge matches the right edge of t, and (ii) an
increment in the y-coordinate implies that we reach (even, odd), where a unique tile t′′
holds whose down edge matches the top edge of t.

Finally, for any propositional variable p, we let α := αee ∨ αoe ∨ αoo ∨ αeo and

ϕW :=
[
¬(x′\oec) ∧ c\α ∧ c\α/c ∧ α/c

]
\p. (2)

The tiling formula ϕW is designed to ensure a witness to its antecedent in any countermodel;
the consequent is inessential. The conjunct ¬(x′\oec) triggers the existence of a first
coordinate point ⟨1, 0⟩. The remaining conjuncts c\α,c\α/c, α/c then propagate satisfaction
of α under left, two-sided, and right composition by c-elements, which, by the definition of α
and associativity, extends the construction to an entire two-dimensional grid satisfying the
tiling constraints.

▶ Remark 21 (Calibrating the strength of ϕW). The observant reader might wonder why, for
example, the formula αee contains two occurrences of ee inside the large disjunction. In
fact, these could be omitted for the purposes of Lemma 23, but they are needed for the
statement of Lemma 22 to hold: as we will see, composition with x- or y-elements need not
effect proper increments but may instead “return” the same point.

The above point exemplifies how the tiling formula ϕW has to strike the right balance
between being weak enough so that whenever a frame refutes it, we can construct a tiling of
N2 with W, and being strong enough so that for any such tiling, we can refute the formula
in (Pω(N),∪, c).

▶ Lemma 22. Let W be a finite set of tiles. If W tiles N2, then (Pω(N),∪, c) ⊭ ϕW .

Proof. For a tiling τ : N2 → W , recall the frame (Pω(N),∪, c) from Remark 17, where Pω(N)
is the set of finite sets of natural numbers, ◦ is defined by ∪ and N is the completementation
operation c, so u ∈ s ◦ t ⇐⇒ u = s∪ t, and s ⊩ ¬φ ⇐⇒ s ⊮ φ. Writing 2N = {2n | n ∈ N}
for the set of even numbers, and 2N + 1 = {2n+ 1 | n ∈ N} for the set of odd numbers, we
define a valuation V as follows:

V (p) = ∅,
V (x) = {{n} | n ∈ 2N},
V (y) = {{n} | n ∈ 2N + 1},
V (c) = {X | X ̸= ∅},
V (ee) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1, |X| is even, |Y | is even},
V (oe) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1, |X| is odd, |Y | is even},
V (oo) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1, |X| is odd, |Y | is odd},
V (eo) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1, |X| is even, |Y | is odd},
V (ui) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1,U(τ(|X|, |Y |)) = i},
V (di) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1,D(τ(|X|, |Y |)) = i},
V (li) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1,L(τ(|X|, |Y |)) = i},
V (ri) = {X ∪ Y | X ⊆ 2N, Y ⊆ 2N + 1,R(τ(|X|, |Y |)) = i}.



N. Galatos, P. Jipsen, S. B. Knudstorp, and R. Ramanayake 46:11

We advise the reader that even and odd numbers are employed in two different ways in this
argument. They are used to encode, respectively, the first and second coordinates in the
definitions of V (ee), V (oe), V (oo), and V (eo); the parity of the cardinality of the even/odd
elements in a finite set is then used to determine whether the corresponding coordinate is
even or odd. On the other hand, the intuition behind the definitions of V (ui), V (di), V (li),
and V (ri) is to relate a finite set – uniquely partitioned as X ∪ Y such that X ⊆ 2N and
Y ⊆ 2N + 1 – to the tile τ(|X|, |Y |).

We proceed to show that

(Pω(N),∪, c, V ),∅ ⊮ ϕW .

Since ϕW :=
[
¬(x′\oec) ∧ c\α ∧ c\α/c ∧ α/c

]
\p, and since ∅ ∪ ∅ = ∅ ⊮ p, it is enough to

show that

(Pω(N),∪, c, V ),∅ ⊩ ¬(x′\oec) ∧ c\α ∧ c\α/c ∧ α/c.

Establishing the first conjunct amounts to showing that

(Pω(N),∪, c, V ),∅ ⊮ x′\oec.

Since x′ := x ∧ c ∧ c\c, it is enough to observe that

{0} ⊩ x′ but {0} ∪ ∅ = {0} ⊮ oec.

For the first claim, observe that c holds on any non-empty set by the definition of V (c).
Moreover, by definition, {0} ⊩ c\c iff for every x, z ∈ Pω(N): x ⊩ c and z = x ∪ {0} implies
z ⊩ c. The latter obviously holds since z is non-empty. The second claim follows from the
observation that |{0} ∩ 2N| = |{0}| = 1 is odd and |{0} ∩ (2N + 1)| = |∅| = 0 is even.

It remains to establish

(Pω(N),∪, c, V ),∅ ⊩ c\α ∧ c\α/c ∧ α/c.

By the semantic clauses for \ and / (recall Definition 16), coupled with the definition of
V (c), it suffices to show X ⊩ α for each finite non-empty set X of natural numbers. To
this end, note that any (finite non-empty) set of natural numbers X is uniquely partitioned
into its even and odd parts: X = Xe ∪Xo, where Xe := X ∩ 2N and Xo := X ∩ (2N + 1).
Without loss of generality, we assume that both |Xe| and |Xo| are even. By the valuations
on these variables,

X ⊩ ee ∧ ¬oe ∧ ¬oo ∧ ¬eo.

We proceed to establish the remaining conjuncts in αee. To obtain X ⊩ ¬(x′\oec), we
consider an even number n such that n /∈ X, and argue as we did with {0} above. Now it
remains to show

X ⊩
∨

t∈W

(
t ∧ x\

[
ee ∨

(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)]

∧
[
ee ∨

(
eo ∧

U(t)=D(t′′)∨
t′′∈W

t′′
)]
/y

)
.

Since τ is a tiling function, and X is uniquely partitioned into its even part Xe and odd part
Xo, we have that X ⊩ t where t is (the formula corresponding to) the tile τ(|Xe|, |Xo|). We
will now establish the middle conjunct

X ⊩ x\
[
ee ∨

(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)]
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(the argument for the right conjunct is analogous). By the semantic clause for \, it suffices
to show for all n ∈ N:

X ∪ {2n} ⊩ ee ∨
(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)

By cases, if {2n} ∈ X, then X ∪ {2n} = X ⊩ ee.
Also, if {2n} /∈ X, then |Xe ∪ {2n}| = |Xe| + 1 is odd, so

X ∪ {2n} = (Xe ∪ {2n}) ∪Xo ⊩ oe ∧
R(t)=L(t′)∨

t′∈W
t′,

because X ∪ {2n} has one even number more than X – the cardinality of odd numbers is
unchanged – and hence by the valuations on ui, di, li, ri, the set X ∪ {2n} is related to the
tile τ(|Xe| + 1, |Xo|). So as τ is a tiling, the right edge of τ(|Xe|, |Xo|) is equal to the left
edge of τ(|Xe| + 1, |Xo|). ◀

▶ Lemma 23. Let W be a finite set of tiles and F a disjointive associative frame. If F ⊭ ϕW ,
then W tiles N2.

Proof. Since F ⊭ ϕW , there is a valuation V , inducing a model M := (F, V ), and a point s′

such that

M, s′ ⊮ ϕW .

By the semantics of \, this means that, in particular, there is some point s such that

M, s ⊩ ¬(x′\oec) ∧ c\α ∧ c\α/c ∧ α/c.

From this, we will show that W tiles N2. Our proof will proceed as follows: first, we identify
elements x1, x2, . . . , y1, y2, . . . within M and use them to further identify what we will call
“staircase” elements of M. We denote these staircase elements of M by

⟨1, 0⟩, ⟨1, 1⟩, ⟨2, 1⟩, . . . , ⟨k, k⟩, ⟨k + 1, k⟩, . . . ,

and call them such because they will satisfy the following (see Fig. 3):

(stair) ⟨1, 0⟩ ∈ x1 ◦ s,
⟨1, 1⟩ ∈ ⟨1, 0⟩ ◦ y1,

⟨2, 1⟩ ∈ x2 ◦ ⟨1, 1⟩,
. . .

⟨k + 1, k⟩ ∈ xk+1 ◦ ⟨k, k⟩,
⟨k + 1, k + 1⟩ ∈ ⟨k + 1, k⟩ ◦ yk+1, . . .

Next, from the staircase and associativity, we find a full grid of elements ⟨m,n⟩ ∈ M, for all
m,n ∈ N.4 Finally, we associate points in the plane (m,n) ∈ N2 with the corresponding grid
points ⟨m,n⟩ ∈ M, and have the tiling of N2 be determined by what tile formula t ∈ W is

4 Actually, we will not define a point ⟨0, 0⟩. We could have included it, either by making ϕW more
complicated, or by changing our construction/naming convention. Anyhow, tiling all but (0, 0) is
obviously equivalent to tiling the full quadrant.
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s ⟨1, 0⟩
x1

⟨1, 1⟩

y1

⟨2, 1⟩
x2

⟨2, 2⟩

y2

⟨3, 2⟩
x3

· · ·

p q
xi

means q ∈ xi ◦ p

q

r

yi means r ∈ q ◦ yi

Figure 3 Staircase of grid points.

satisfied at ⟨m,n⟩ ∈ M (i.e. M, ⟨m,n⟩ ⊩ t).

We begin by proving the “(stair)”-claim above, by induction on the sequence

(stair) ⟨1, 0⟩ ∈ x1 ◦ s
⟨1, 1⟩ ∈ ⟨1, 0⟩ ◦ y1

⟨2, 1⟩ ∈ x2 ◦ ⟨1, 1⟩
. . .

⟨k + 1, k⟩ ∈ xk+1 ◦ ⟨k, k⟩
⟨k + 1, k + 1⟩ ∈ ⟨k + 1, k⟩ ◦ yk+1

. . .

while simultaneously showing the following for all points of the sequence:
xi ⊩ x′, yi ⊩ y′

⟨2i, 2i⟩ ⊩ αee
⟨2i+ 1, 2i⟩ ⊩ αoe
⟨2i+ 1, 2i+ 1⟩ ⊩ αoo
⟨2i, 2i+ 1⟩ ⊩ αeo.

For the induction base, since s ⊩ ¬(x′\oec), we have that

s ⊮ x′\oec.

This must be witnessed by some points, which we denote x1 and ⟨1, 0⟩, i.e.,

⟨1, 0⟩ ∈ x1 ◦ s and x1 ⊩ x′, but ⟨1, 0⟩ ⊮ oec.

Since x1 ⊩ x′, in particular we have that x1 ⊩ c. Combined with s ⊩ c\α and ⟨1, 0⟩ ∈ x1 ◦ s,
this implies that

⟨1, 0⟩ ⊩ αee ∨ αoe ∨ αoo ∨ αeo.
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But we established ⟨1, 0⟩ ⊮ oec, hence ⟨1, 0⟩ ⊮ αee ∨ αoo ∨ αeo, so

⟨1, 0⟩ ⊩ αoe,

which completes the proof of the induction base.
The induction step divides into four cases, namely whether we assume the induction

hypothesis up to
(i) ⟨2k + 1, 2k⟩ ∈ x2k+1 ◦ _
(ii) ⟨2k + 1, 2k + 1⟩ ∈ _ ◦ y2k+1
(iii) ⟨2k, 2k − 1⟩ ∈ x2k ◦ _ or
(iv) ⟨2k, 2k⟩ ∈ _ ◦ y2k.

We prove the first, as the others are analogous. So, we assume that for some k ≥ 0, the
induction hypothesis holds for the sequence

⟨1, 0⟩ ∈ x1 ◦ s
. . .

⟨2k + 1, 2k⟩ ∈ x2k+1 ◦ ⟨2k, 2k⟩.

(if k = 0, this is just assuming the induction base). By the induction hypothesis, we have
⟨2k + 1, 2k⟩ ⊩ αoe, so in particular

⟨2k + 1, 2k⟩ ⊩ ¬(ooc/y′).

Thus, ⟨2k + 1, 2k⟩ ⊮ ooc/y′. This must be witnessed by some points, denoted y2k+1 and
⟨2k + 1, 2k + 1⟩, so

⟨2k + 1, 2k + 1⟩ ∈ ⟨2k + 1, 2k⟩ ◦ y2k+1 and y2k+1 ⊩ y′,

but ⟨2k + 1, 2k + 1⟩ ⊮ ooc. From the induction hypothesis that

⟨1, 0⟩ ∈ x1 ◦ s
⟨1, 1⟩ ∈ ⟨1, 0⟩ ◦ y1
⟨2, 1⟩ ∈ x2 ◦ ⟨1, 1⟩
. . .

⟨2k + 1, 2k⟩ ∈ x2k+1 ◦ ⟨2k, 2k⟩

and the just established

⟨2k + 1, 2k + 1⟩ ∈ ⟨2k + 1, 2k⟩ ◦ y2k+1,

we derive, by repeated associativity, that

⟨2k + 1, 2k + 1⟩ ∈ x2k+1 ◦ · · · ◦ x2 ◦ x1 ◦ s ◦ y1 ◦ y2 ◦ · · · ◦ y2k+1.

So, there exist points x and y such that

⟨2k + 1, 2k + 1⟩ ∈ x ◦ s ◦ y

and

x ∈ x2k+1 ◦ · · · ◦ x2 ◦ x1, y ∈ y1 ◦ y2 ◦ · · · ◦ y2k+1.

By another induction, using that both xi ⊩ c ∧ c\c and yi ⊩ c ∧ c\c, it follows that also

x ⊩ c and y ⊩ c.
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⟨m, n⟩ ⟨m+1, n⟩
xm+1

⟨m, n + 1⟩

yn+1

⟨m+1, n+1⟩

yn+1

xm+1

⟨m, n⟩ ⟨m+1, n⟩
xm+1

⟨m, n + 1⟩

yn+1

⟨m+1, n+1⟩

yn+1

xm+1

Figure 4 New points: for m ≤ n (left) and m > n (right).

Consequently, as in the induction base, from s ⊩ c\α/c and ⟨2k + 1, 2k + 1⟩ ∈ x ◦ s ◦ y, we
deduce

⟨2k + 1, 2k + 1⟩ ⊩ α.

Since ⟨2k + 1, 2k + 1⟩ ⊮ ooc, we have ⟨2k + 1, 2k + 1⟩ ⊮ αee ∨ αoe ∨ αeo, and hence

⟨2k + 1, 2k + 1⟩ ⊩ αoo.

This completes the induction step, and establishes the necessary properties of the staircase.
We observe here that the distinctness of the points ⟨m,n⟩ is not asserted, nor is it required
in what follows.

Next, we construct the full grid, starting from the staircase elements and moving in two
directions: top-left (above the staircase) and bottom-right (below the staircase); see Figure 4.

For m ≤ n, if ⟨m + 1, n⟩ ∈ xm+1 ◦ ⟨m,n⟩ and ⟨m + 1, n + 1⟩ ∈ ⟨m + 1, n⟩ ◦ yn+1, then
⟨m+1, n+1⟩ ∈ (xm+1◦⟨m,n⟩)◦yn+1, so by associativity ⟨m+1, n+1⟩ ∈ xm+1◦(⟨m,n⟩◦yn+1);
i.e., there is a point, which we denote ⟨m,n+ 1⟩, such that ⟨m,n+ 1⟩ ∈ ⟨m,n⟩ ◦ yn+1 and
⟨m+ 1, n+ 1⟩ ∈ xm+1 ◦ ⟨m,n+ 1⟩.

Likewise, for m > n, if ⟨m,n+1⟩ ∈ ⟨m,n⟩◦yn+1 and ⟨m+1, n+1⟩ ∈ xm+1◦⟨m,n+1⟩, then
there is a point, denoted ⟨m+1, n⟩, such that ⟨m+1, n⟩ ∈ xm+1 ◦ ⟨m,n⟩ and ⟨m+1, n+1⟩ ∈
⟨m+ 1, n⟩ ◦ yn+1.

Note that for all points of the grid we have:

⟨m+ 1, n⟩ ∈ xm+1 ◦ ⟨m,n⟩ and ⟨m,n+ 1⟩ ∈ ⟨m,n⟩ ◦ yn+1.

Indeed, this holds within the staircase by its construction and it is ensured across the whole
grid by the recursive construction of the newly added elements.

Moreover, using repeated associativity once more, by an implicit induction, we have that
for all grid points ⟨m,n⟩,

⟨m,n⟩ ∈ xm ◦ · · · ◦ x2 ◦ x1 ◦ s ◦ y1 ◦ y2 ◦ · · · ◦ yn,

where for m = 0 or n = 0 the list of x’s or y’s is empty. Hence

⟨m,n⟩ ∈ x ◦ s or ⟨m,n⟩ ∈ x ◦ s ◦ y or ⟨m,n⟩ ∈ s ◦ y,

where x ∈ xm ◦ · · · ◦ x2 ◦ x1 and y ∈ y1 ◦ y2 ◦ · · · ◦ yn. Consequently, for all grid points ⟨m,n⟩,

⟨m,n⟩ ⊩ α,

as s ⊩ c\α ∧ c\α/c ∧ α/c, xi ⊩ c ∧ c\c and yi ⊩ c ∧ c\c, for all i.
We refine this further by showing that for all grid points:

⟨2m, 2n⟩ ⊩ αee,

⟨2m+ 1, 2n⟩ ⊩ αoe,

⟨2m+ 1, 2n+ 1⟩ ⊩ αoo,

⟨2m, 2n+ 1⟩ ⊩ αeo.
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⟨2m, 2n⟩ ⟨2m+1, 2n⟩ ⟨2m + 2, 2n⟩

⟨2m, 2n + 1⟩ ⟨2m+1, 2n+1⟩ ⟨2m+2, 2n+1⟩

⟨2m, 2n+2⟩ ⟨2m+1, 2n+2⟩ ⟨2m+2, 2n+2⟩

(a) (b)

(c) (d)

...
...

...

· · ·

· · ·

· · ·

Figure 5 Constructing the full grid of points.

We have already established this for the staircase points, so it remains to extend it to the
other points via (a)–(d) (see Fig. 5):
(a) If ⟨2m, 2n⟩ ⊩ αee and ⟨2m+ 1, 2n+ 1⟩ ⊩ αoo,

then ⟨2m+ 1, 2n⟩ ⊩ αoe and ⟨2m, 2n+ 1⟩ ⊩ αeo.

(b) If ⟨2m+ 1, 2n⟩ ⊩ αoe and ⟨2m+ 2, 2n+ 1⟩ ⊩ αeo,

then ⟨2m+ 1, 2n+ 1⟩ ⊩ αoo and ⟨2m+ 2, 2n⟩ ⊩ αee.

(c) If ⟨2m, 2n+ 1⟩ ⊩ αeo and ⟨2m+ 1, 2n+ 2⟩ ⊩ αoe,

then ⟨2m, 2n+ 2⟩ ⊩ αee and ⟨2m+ 1, 2n+ 1⟩ ⊩ αoo.

(d) If ⟨2m+ 1, 2n+ 1⟩ ⊩ αoo and ⟨2m+ 2, 2n+ 2⟩ ⊩ αee,

then ⟨2m+ 2, 2n+ 1⟩ ⊩ αeo and ⟨2m+ 1, 2n+ 2⟩ ⊩ αoe.

As the proofs are analogous, we only prove (a) – actually only the first conjunct of
its consequent. So suppose the antecedent of (a) holds for arbitrary m,n. Note that
⟨2m, 2n⟩ ⊩ αee implies that for some t ∈ W,

⟨2m, 2n⟩ ⊩ x\
[
ee ∨

(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)]

Since also ⟨2m+ 1, 2n⟩ ∈ x2m+1 ◦ ⟨2m, 2n⟩ and x2m+1 ⊩ x, we have

⟨2m+ 1, 2n⟩ ⊩ ee ∨ oe.

Now assume for contradiction that ⟨2m+ 1, 2n⟩ ⊩ ee. Since ⟨2m+ 1, 2n⟩ ⊩ α, it follows that
⟨2m+ 1, 2n⟩ ⊩ αee. Hence ⟨2m+ 1, 2n+ 1⟩ ∈ ⟨2m+ 1, 2n⟩ ◦ y2n+1 and y2n+1 ⊩ y imply

⟨2m+ 1, 2n+ 1⟩ ⊩ ee ∨ eo.

This is a contradiction, as ⟨2m+ 1, 2n+ 1⟩ ⊩ αoo by assumption, hence ⟨2m+ 1, 2n+ 1⟩ ⊩
¬ee ∧ ¬eo. Thus, ⟨2m+ 1, 2n⟩ ⊮ ee whence

⟨2m+ 1, 2n⟩ ⊩ oe,

which together with ⟨2m+ 1, 2n⟩ ⊩ α implies

⟨2m+ 1, 2n⟩ ⊩ αoe,

as desired.
Finally, note that for all grid points ⟨m,n⟩, since ⟨m,n⟩ ⊩ α, there is a t ∈ W with

⟨m,n⟩ ⊩ t. Moreover, by the definition of the tile formulas (in particular the negations
involved there), this t is unique, as ⟨m,n⟩ ⊩ t implies ⟨m,n⟩ ⊮ t′ for every t′ distinct from t.



N. Galatos, P. Jipsen, S. B. Knudstorp, and R. Ramanayake 46:17

Thus, the function τ : N2 → W given by

τ : (m,n) 7→ t ∈ W where ⟨m,n⟩ ⊩ t

is well-defined. To demonstrate that τ is a tiling, consider ut1 , rt4 for a tile t and an arbitrary
⟨m′, n′⟩ ⊩ t; we will establish that ⟨m′, n′ + 1⟩ ⊩ dt1 and ⟨m′ + 1, n′⟩ ⊩ lt4 . We prove only
the latter, as the former is analogous. Without loss of generality we assume that m′ and n′

are even, so m′ = 2m,n′ = 2n. Then ⟨2m, 2n⟩ ⊩ αee. By the observation above, at most one
tile holds at ⟨2m, 2n⟩, so

⟨2m, 2n⟩ ⊩ x\
[
ee ∨

(
oe ∧

R(t)=L(t′)∨
t′∈W

t′
)]
,

i.e., the above is the disjunct of
∨

t∈W(t ∧ · · · ) in αee corresponding to t. So, as x2m+1 ⊩ x,
⟨2m+ 1, 2n⟩ ∈ x2m+1 ◦ ⟨2m, 2n⟩ and ⟨2m+ 1, 2n⟩ ⊩ αoe – hence ⟨2m+ 1, 2n⟩ ⊩ ¬ee – we
must have

⟨2m+ 1, 2n⟩ ⊩ t′

for a t′ ∈ W such that R(t) = L(t′), exactly as required. ◀

4 Refutation of decidability claims in the literature

Galmiche et al. [11] develop semantic tableaux for BI and the finite model property and
decidability is claimed in the abstract. However, the TBI′ tableaux system used to establish
the latter is incomplete. In particular, by inspection, the BI-provable formula p ∧ (q ∨ r) →
(p ∧ q) ∨ (p ∧ r) has no closed tableau in TBI′. Consequently, the decidability claim is not
supported by the given system. Even if this incompleteness were resolved, we concur that
“the claim in the abstract that decidability is obtained is not substantiated” [25].

The two other published claims of decidability use the bunched sequent calculus LBI0 that
is built from sequents X ⇒ A where the succedent A is a BI-formula and the antecedent X
is a bunch (see Definition 1); in particular, they make use of the fact that the calculus enjoys
cut elimination (e.g., see [9]) and investigate backward proof search. The rules of LBI0 are
similar enough to the original calculus for BI (Figure 1) for the present discussion.

Kaminski and Francez [17] claim that the depth of a bunch – essentially the maximum
number of commas along a branch in its grammar tree – in a sequent in proof search can
be bounded by the total number of multiplicative connective occurrences (∗ and −∗) in the
endsequent. An inspection of the crucial lemma [17, Lemma 53] reveals a gap: their argument
for this bound is that every comma along the branch is generated by a ∗L or −∗R rule,
but this does not take into account the possibility (see further below for an example) that
multiple commas might originate from the same multiplicative occurrence through judicious
use of contraction.

An even simpler violation of their claim follows from the observation that the definition
of depth (denoted below by d) is sensitive to the parenthetical ordering of the semicolons and
commas, and hence the depth can increase from conclusion to premise due to the associativity
of comma. E.g. suppose that d(Z) > d(X) and d(Z) > d(Y ). Then,
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d((X,Y ), Z) = max(max(d(X), d(Y )) + 1, d(Z)) + 1
= d(Z) + 1
< d(Z) + 2
= max(d(X),max(d(Y ), d(Z)) + 1) + 1
= d(X, (Y, Z)).

Galatos and Jipsen [9] define a directed graph from each bunched sequent. It is claimed
that the multiplicative length – the maximum (taken over all directed paths) of the number
of ∗’s and commas in negative position and −∗ in positive position on a directed path – is
non-increasing from the (directed graph of the) conclusion to the premise(s). For the special
case of their argument dealing with BI, they treat comma as an n-ary connective rather than
a binary connective, for otherwise the associative rule for comma (as-c) would violate their
claim e.g. ((p, q), r), s ⇒ t would have greater multiplicative length than (p, q), (r, s) ⇒ t.

However, treating comma as an n-ary connective turns out to be problematic as well:
for the rule instance below left (written in the notation of this paper), the corresponding
directed graphs for the conclusion and premise are given below center and right, respectively.
Observe that the multiplicative length for the premise is 2, whereas for the conclusion it is 1,
violating the claim.

p, ((q, r); (q, r)) ⇒ s
cp, q, r ⇒ s

,

p q r

s

,

p ;

,q r ,q r

s

Reflecting on these attempts to decide BI, we observe that the aim has typically been
to control the number of multiplicative connectives/commas on a branch. The following
example shows that we cannot expect this to hold in BI. To keep the proof diagram from
becoming too large, only the premise of interest has been written down for the left implication
rules; also, set x := (s −∗ 1), which is used in the middle −∗L application.

· · ·
x, (x, (a −∗ ((x −∗ q) → c))) ⇒ q

−∗R(x, (a −∗ ((x −∗ q) → c))) ⇒ x −∗ q →L
((x −∗ q) → c); (x, (a −∗ ((x −∗ q) → c))) ⇒ q

−∗L(a −∗ ((x −∗ q) → c)); (x, (a −∗ ((x −∗ q) → c))) ⇒ q
1L(1, (a −∗ ((x −∗ q) → c))); (x, (a −∗ ((x −∗ q) → c))) ⇒ q
−∗L(x, (a −∗ ((x −∗ q) → c))); (x, (a −∗ ((x −∗ q) → c))) ⇒ q c

x, (a −∗ ((x −∗ q) → c)) ⇒ q
−∗R

a −∗ ((x −∗ q) → c) ⇒ x −∗ q →L
(a −∗ ((x −∗ q) → c)); ((x −∗ q) → c) ⇒ q

−∗L(a −∗ ((x −∗ q) → c)); (a −∗ ((x −∗ q) → c)) ⇒ q c
a −∗ ((x −∗ q) → c) ⇒ q



N. Galatos, P. Jipsen, S. B. Knudstorp, and R. Ramanayake 46:19

By repeatedly applying this deduction in backward proof search, we can reach sequents
containing a bunch of the form

x, (x, (. . . , (x, (a −∗ ((x −∗ q) → c))) . . .))

with arbitrarily many occurrences of the comma.

5 Proofs of Lemma 18 and Lemma 19

The proof of Lemma 18 follows standard arguments from (Priestley-style) duality theory
(see, e.g., [29]). For the undecidability of BI alone, the reader familiar with UDMF semantics
can use Lemma 19 instead.

▶ Lemma 18 (Restated). If a formula in the language {∧,∨,¬, \, /} is refuted by a disjointive
distributive residuated lattice, then it fails in a disjointive associative frame.

Proof. For a disjointive distributive residuated lattice A = (A,∧, ∨,⊤,⊥,¬, ·, \, /), consider
the triple (XA, ◦, N), where

XA is the set of prime filters of the lattice reduct of A.5

N : P(XA) → P(XA) is given by

N(Y ) :=
{

{x ∈ XA | ¬a ∈ x} if Y = {x ∈ XA | a ∈ x} for some a ∈ A

∅ otherwise.

◦ : XA ×XA → P(XA) is given by x ◦ y := {z ∈ XA | ∀a ∈ x, b ∈ y : a · b ∈ z}.

For x, y ∈ XA, we define xy := {a · b | a ∈ x, b ∈ y}, so x ◦ y = {z ∈ XA | xy ⊆ z}. We
claim that (XA, ◦, N) is a disjointive associative frame. First, note that N is well-defined,
since the function A ∋ a 7→ {x ∈ XA | a ∈ x} is injective by the prime filter theorem,
i.e., {x ∈ XA | a ∈ x} = {x ∈ XA | b ∈ x} implies a = b. Second, to see that N is a
disjointive operation, simply observe that {x ∈ XA | a ∈ x} ∩ {x ∈ XA | ¬a ∈ x} = ∅: if
a,¬a ∈ x ∈ XA, then ⊥ = a ∧ ¬a ∈ x, contradicting the fact that x is proper.

Third and last, we show that (x ◦ y) ◦ z = x ◦ (y ◦ z). Whenever w ∈ (x ◦ y) ◦ z, i.e., if
there is a prime filter u such that u ∈ x ◦ y and w ∈ u ◦ z (i.e., such that xy ⊆ u and uz ⊆ w),
we have to show that w ∈ x ◦ (y ◦ z); that is, that there is a prime filter v such that w ∈ x ◦ v
and v ∈ y ◦ z (i.e., such that xv ⊆ w and yz ⊆ v). Note that for a filter v the condition
yz ⊆ v is equivalent to ⟨yz⟩ ⊆ v, where ⟨yz⟩ denotes the filter generated by yz; accordingly,
given w ∈ (x ◦ y) ◦ z, we consider the set

F := {v′ is a proper filter on A | xv′ ⊆ w and yz ⊆ v′}

and will apply Zorn’s lemma to obtain the desired prime filter v. To show that F is not
empty, we argue that the filter ⟨yz⟩ is proper and that x⟨yz⟩ ⊆ w. It is proper, as otherwise
⊥ ∈ ⟨yz⟩ would imply that ⊥ would be above the meet of some elements of yz, i.e., that
there were b1, . . . , bn ∈ y, c1, . . . , cn ∈ z with

∧
1≤i≤n bi · ci = ⊥. This would lead to the

contradiction ⊥ ∈ w, since
(

⊤ ·
∧

1≤i≤n bi

)
∈ xy ⊆ u and

5 Recall that for a lattice (L,∧,∨), a prime filter x is a non-empty proper subset ∅ ̸= x ⊊ L such that (i)
a ∧ b ∈ x iff a ∈ x and b ∈ x, and (ii) a ∨ b ∈ x iff a ∈ x or b ∈ x.
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w ⊇ uz ∋

⊤ ·
∧

1≤i≤n

bi

 ·
∧

1≤i≤n

ci
(as.)= ⊤ ·

 ∧
1≤i≤n

bi ·
∧

1≤i≤n

ci


(mon.)

≤ ⊤ ·
∧

1≤i≤n

bi · ci = ⊤ · ⊥ = ⊥,

where (mon.) refers to monotonicity of ·, which together with the last equality follow by the
residuation property. To see that x⟨yz⟩ ⊆ w, observe that xyz ⊆ uz ⊆ w, and hence it
follows that x⟨yz⟩ ⊆ ⟨xyz⟩ ⊆ ⟨w⟩ = w.

Thus F is non-empty. So, as
⋃
v′

i ∈ F for every chain v′
1 ⊆ v′

2 ⊆ · · · of elements of F , it
follows by Zorn’s lemma that the poset (F,⊆) has a maximal element v ∈ F . As v ∈ F , it
remains to show that v is prime; we assume d /∈ v and e /∈ v, and we will show d∨ e /∈ v. We
have yz ⊆ v ⊆ ⟨v ∪ {d}⟩ and, by maximality, ⟨v ∪ {d}⟩ /∈ F , so x⟨v ∪ {d}⟩ ̸⊆ w or ⟨v ∪ {d}⟩ is
not proper, in which case ⊥ ∈ ⟨v ∪ {d}⟩ hence ⊥ ∈ x{⊥} ⊆ x⟨v ∪ {d}⟩; since ⊥ /∈ w, in both
cases we get x⟨v ∪ {d}⟩ ̸⊆ w, i.e., there are dx ∈ x and dv ∈ v s.t. dx · (dv ∧ d) /∈ w. Likewise,
there are ex ∈ x and ev ∈ v s.t. ex · (ev ∧ e) /∈ w. So by additivity of · and primeness of w,

(dx ∧ ex) · [(dv ∧ ev) ∧ (d ∨ e)] = (dx ∧ ex) · [(dv ∧ ev) ∧ d] ∨ (dx ∧ ex) · [(dv ∧ ev) ∧ e]
≤ dx · (dv ∧ d) ∨ ex · (ev ∧ e) /∈ w.

So as dx ∧ ex ∈ x and v ∈ F , we have (dv ∧ ev) ∧ (d ∨ e) /∈ v, whence as dv ∧ ev ∈ v, we have
d∨ e /∈ v, as required. This proves (x ◦ y) ◦ z ⊆ x ◦ (y ◦ z). The converse is proven analogously.
We therefore conclude that (XA, ◦, N) is a disjointive associative frame.

Now let φ be a formula in the language {∧,∨,¬, \, /}, and assume A ⊭ φ, i.e., that
there is a homomorphism h from the formula algebra to A such that h(φ) ̸= ⊤. Then
M = (XA, ◦, N, Vh) is a disjointive associative model where

Vh(p) := {x ∈ XA | h(p) ∈ x}.

An induction shows that for all x ∈ XA and formulas α in the language {∧,∨,¬, \, /},

∥α∥ = {x ∈ XA | h(α) ∈ x}.

The base case is by definition; ∨,∧ follow by defining properties of prime filters; and ¬ is by
definition, as ∥¬α∥ = N(∥α∥) IH= N({x ∈ XA | h(α) ∈ x}) = {x ∈ XA | ¬h(α) ∈ x} = {x ∈
XA | h(¬α) ∈ x}. Lastly, ‘⊇’ of the inductive step for the residuals follow easily, but the
converse is less trivial, so we cover it here for \.

Accordingly, suppose by way of contraposition that h(α)\h(β) = h(α\β) /∈ y; we show
that y ⊮ α\β, i.e., we find prime filters x, z such that z ∈ x ◦ y, x ⊩ α and z ⊮ β. We define
the filter

z0 := ⟨h(α)y⟩ = {a ∈ A | ∃b ∈ y : a ≥ h(α) · b}.

Note that h(β) /∈ z0, because otherwise we would have h(α) · b ≤ h(β) for some b ∈ y, whence
by residuation y ∋ b ≤ h(α)\h(β), which would contradict h(α)\h(β) /∈ y. So by the prime
filter theorem, there is z ∈ XA such that z0 ⊆ z ̸∋ h(β), whence by induction hypothesis
z ⊮ β. Next, observe that x0 := {a ∈ A | a ≥ h(α)} is a proper filter: it is clearly a filter, and
it is proper because (i) ⊤ ≤ ⊥\h(β) holds by residuation and (ii) h(α)\h(β) /∈ y. Hence by
the same Zorn’s lemma argument as before, we get a prime filter x ⊇ x0 such that x ◦ y ∋ z.
Consequently, as h(α) ∈ x0 ⊆ x entails by induction hypothesis that x ⊩ α, we have y ⊮ α\β,
as desired.

Finally, since h(φ) ̸= ⊤, there is a prime filter x s.t. h(φ) /∈ x, whence x ⊮ φ so M ⊭ φ,
completing the proof of the lemma. ◀
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▶ Remark 24. The use of choice principles in the prior argument (used to construct prime
filters from proper filters) may be of concern to readers who might then wonder whether the
undecidability of BI (and, more generally, Theorem 10) could be independent of ZF. Such
worries can be defused. In a nutshell, the situation here is all the same as that of ZF and
first-order logic: ZF proves completeness and compactness of first-order logic for countable
languages (as they come well-ordered without choice), but not for arbitrary languages.

In more detail, if a formula in the language {∧,∨,¬, \, /} is refuted by a disjointive
distributive residuated lattice, then it is, in particular, refuted by the Lindenbaum-Tarski
algebra over our language. As our language can be well-ordered without choice, so can
this algebra. Hence the extensions of proper filters to prime filters in the previous lemma
can – for this specific algebra – be done choice-free via the usual recursive construction of
Lindenbaum’s lemma (the latter is possible precisely because we have a well-order). In other
words, choice is only needed for representation à la Stone, not for completeness.

▶ Lemma 19 (Restated). If a formula in the language {∧,∨,¬,−∗} is refuted by a BI-algebra,
then it fails in a disjointive associative frame.

Proof. Suppose ⊬ ⊤ ⇒ φ. Then by completeness,6 there is an upwards and downwards closed
monoidal model (S,≼, ◦, E, V ) and s ∈ S such that (S,≼, ◦, E, V ), s ⊮ φ. We claim that
M := (S, ◦, N, V ), where N(X) := (↓X)c := {s ∈ S | ∃s′ ∈ X s.t. s ≼ s′}c, is a disjointive
associative model. Rather than listing every condition imposed on (S,≼, ◦, E, V ), it is enough
to note that ◦ : S × S → P(S) is associative; ≼ is reflexive; and the valuation V is, in
particular, a function V : P → P(S). Further, the clause for ¬ within this semantics is the
intuitionistic negation ∥¬α∥ := (↓∥α∥)c, hence ∥α∥ ∩ ∥¬α∥ = ∅ (because ≼ is reflexive). It
follows that M = (S, ◦, N, V ) is a disjointive associative model. Since the clauses for ∧,∨,−∗
within this BI semantics coincide with ours, we get that M, s ⊮ φ, as desired. ◀
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