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Abstract
A monadic decomposition of a formula over a first-order theory is an equivalent Boolean combin-
ation of atomic formulas, each containing only one variable. Monadic decomposition is a generic
simplification technique that has found applications in various settings such as quantifier elimination,
string solving, and constraint databases. Previous work has mostly focused on the decision problem
of whether a formula admits a monadic decomposition. However, much less is known on how to
efficiently produce a small monadic decomposition, which is required for any application.

We study this question for the quantifier-free fragment of Presburger arithmetic. Here, monadic
decomposability is known to be coNP-complete, and monadic decompositions can be computed in
exponential time. An exponential size lower bound was only known for monadic decompositions in
disjunctive or conjunctive normal form (DNF or CNF). In this work, we extend this exponential
lower bound to general monadic decompositions. Guided by this lower bound, we present fragments
that admit polynomially-sized monadic decompositions, which, in many cases, can be constructed
efficiently. A surprising key ingredient in our proof is a family of small-depth circuits for arithmetic
operations in Chinese remainder representation.
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1 Introduction

A first-order formula in a logical theory is monadically decomposable if it is equivalent to
a finite Boolean combination of atomic formulas, each containing at most one variable.
For example, the formula x · y > 0 over the real field can be expressed equivalently as
(x > 0 ∧ y > 0) ∨ (x < 0 ∧ y < 0). The latter formula is called a monadic decomposition of
x · y > 0. On the other hand, x = y is not monadically decomposable if there exist infinitely
many elements. While such a decomposition might increase the formula size, a monadic
formula is usually easier to handle since all variable dependencies are made explicit in a
purely propositional way.

Monadic decompositions were originally studied by Libkin [19] under the name of variable
independence, and then revisited by Veanes, Bjørner, Nachmanson, and Bereg [23]. In various
domains, monadic decomposition has turned out to be a useful preprocessing and simplification
technique that either enables more efficient subsequent algorithms or bypasses undecidability
barriers. Application domains include quantifier elimination [23, 6], string analysis [23, 16],
symbolic transducers [9], and query optimization in constraint databases [18, 13]. As a
concrete example from [16], consider the problem of word equations with length constraints
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47:2 Constructing Small Monadic Decompositions in Presburger Arithmetic

whose decidability is a longstanding open problem [11]. In the practically relevant case, where
the length constraints are in fact monadically decomposable, the problem becomes decidable
since monadic length constraints can be rephrased as regular constraints [20, Chapter 12].

The general approach of using monadic decompositions requires two steps: Check whether
the input formula Φ is monadically decomposable, and if so, compute a monadic decomposition
Ψ for Φ. While the problem of checking whether Φ is monadically decomposable is now
well-studied for various logical theories (usually solved by high-performance SMT solvers),
much less is known on how to actually compute a monadic decomposition Ψ. Since the
decomposition Ψ will be used in subsequent algorithms, we are naturally interested in efficient
algorithms that compute small monadic decompositions. Veanes et al. [23] presented a generic
semidecision procedure that computes a monadic decomposition if it exists. The procedure
works for any decidable theory under mild conditions, but does not possess worst-case
guarantees on the decomposition size or the time complexity.

Presburger arithmetic. In this work, we study the problem of constructing small monadic
decompositions in Presburger arithmetic, also known as integer linear arithmetic, which is the
first-order theory of the structure (N,+,≤, 0, 1, (≡q)q∈N) where ≡q is congruence modulo q.
As an illustrative example, consider the Presburger formula

Φ(x, y) = (2x = y ∨ x < 5) ∧ (x+ y ≡3 1).

While not immediately clear at first sight, Φ admits a monadic decomposition. Indeed: the
equality 2x = y implies that x + y is divisible by 3, and thus contradicts the congruence
x+ y ≡3 1. Therefore we can safely remove 2x = y. The remaining formula is monadically
decomposable since x < 5 is already monadic and the congruence (x + y ≡3 1) has the
monadic decomposition (x ≡3 0∧y ≡3 1)∨ (x ≡3 1∧y ≡3 0)∨ (x ≡3 2∧y ≡3 2). In fact, it is
easy to see that any congruence is monadically decomposable. This simple example illustrates
how variable dependencies in the form of (in)equalities in a formula can be “cancelled” by
constraints appearing in other subformulas, resulting in monadic decomposability.

Checking whether a Presburger formula is monadically decomposable (or equivalently,
defines a recognizable relation) was shown to be decidable already in the 60’s by Ginsburg
and Spanier [12], see also [19, Corollary 7] and [23, Proposition 5.1]. The precise complexity
for quantifier-free formulas was obtained by Hague et al. [16] who showed that the problem
is coNP-complete. Furthermore, they provided an exponential time algorithm that computes
a monadic decomposition in DNF of exponential size, assuming it exists. Later Chistikov
et al. [6] gave a smaller exponential size bound, reducing the dependency on particular
formula parameters. On the other hand, Hague et al. had complemented their result with
the following lower bound: Any monadic decomposition of the formula 0 ≤ x+ y ≤ 2n in
DNF or CNF must be exponentially large in n. The authors left open whether this result
can be extended to general monadic decompositions, i.e., arbitrary Boolean combinations
of monadic atoms. Intuitively, one might assume that modulo constraints (e.g. x is even)
and monadic inequalities (e.g. x ≤ 7 or y ≥ 10) are insufficient to verify whether x+ y ≤ 2n

holds, unless we enumerate all (exponentially many) cases. We will see, however, that this
intuition is a fallacy.

Our contribution. In this work, we present a detailed picture of when Presburger formu-
las admit small monadic decompositions and provide sufficient conditions for when such
decompositions can be computed efficiently. As in previous works, we will focus on the
quantifier-free fragment of Presburger arithmetic in this work.
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(1) Our first result is an exponential lower bound for the size of monadic decompositions
in Presburger arithmetic (Theorem 2). Concretely, the formula x ≡ y (mod 2n) only
admits monadic decompositions of size 2Ω(n). In fact, our result is a lower bound holds
on the number of atoms in such a decomposition. This means it even applies to more
compact formula representations, for example with shared common subformulas.

(2) Guided by this lower bound, we identify syntactic and semantic fragments F of quantifier-
free Presburger arithmetic which admit efficient monadic decomposition: There exists a
polynomial-time algorithm that computes a monadic decomposition for a given formula
Φ ∈ F , under the promise that the formula indeed is monadically decomposable. This
includes formulas defining finite relations (Theorem 10), Boolean combinations of linear
(in)equalities (Theorem 14), and more generally formulas whose maximal moduli are
polynomially bounded (Theorem 15). In particular, the formula 0 ≤ x + y ≤ 2n

considered in [16] has a monadic decomposition of polynomial size. We emphasize that,
if the input formula is not monadically decomposable, then the produced decomposition
will be meaningless. In particular, the existence of such a polynomial-time decomposition
algorithm does not contradict coNP-hardness of monadic decomposability. Still, we find
it surprising that decompositions can be computed purely syntactically without any
logical deduction in the theory. This contrasts with the algorithm mondec developed
in [23], which relies on satisfiability checks.

(3) As an intermediate step towards (2) we consider a relaxation, called weakly monadic
decompositions, i.e., Boolean combinations of monadic inequalities and congruences,
the latter possibly involving multiple variables (Section 5.3). We show that, given an
arbitrary monadically decomposable formula, one can compute in polynomial-time an
equivalent weakly monadic decomposition (Theorem 11). For example, (x < 5)∧(x+y ≡ 1
(mod 3)) is a weakly monadic decomposition of the initial example formula Φ. Since
congruences are always monadically decomposable, weakly monadic decomposition
provide an efficient syntax for monadically decomposable formulas, circumventing the
aforementioned exponential lower bound.

(4) To quantify the attainability of small decompositions, independently of computational
complexity, we define the modular index, a novel parameter of Presburger formulas Φ
(Section 6). This index characterizes the minimal size of a monadic decomposition of Φ
up to polynomial factors. Specifically, the modular index provides a tight lower bound
for the size of monadic decompositions. Furthermore, we prove that, if Φ is monadically
decomposable, it admits a decomposition bounded polynomially by the formula size and
its modular index. This result resolves the characterization of formulas that permit small
monadic decompositions.

Chinese remainder representations. The key ingredient in our upper bound proofs is the
existence of P-uniform NC1 circuits for integer division (⌊x/y⌋) and comparison (x < y),
when the numbers are represented in Chinese remainder representation (CRR), i.e., modulo
small prime numbers. Notice that Presburger arithmetic can define the CRR of a number x,
in terms of modulo constraints x ≡ r (mod q). NC1 is the class of languages computed by
bounded-fan in circuits (or equivalently, formulas) of polynomial size and logarithmic depth.
P-uniformity is the property that the n-th circuit in the family can be computed in time
polynomial in n. The precise complexity of integer division on binary encoded numbers has
been a longstanding open problem (even logspace was not known until 2001 [7]), until Hesse,
Allender, and Barrington proved integer division to be complete for DLOGTIME-uniform TC0.
We refer to [1] for an excellent survey on the “division breakthrough”. The main approach of
all integer division algorithms, introduced in [2], is to convert between binary encodings and
CRRs.

LICS 2026



47:4 Constructing Small Monadic Decompositions in Presburger Arithmetic

We are not aware of any other algorithmic results that exploit the connection between
Presburger arithmetic and small-depth circuits for arithmetic in CRR.

Applications and limitations. Our algorithms can be used as a generic preprocessing
technique, converting a monadically decomposable input formula – for large fragments – into
explicit monadic form. However, the surprising succinctness of general monadic Presburger
formulas comes at a cost. Most applications that we are aware of require formulas in
DNF, and a transformation into DNF might increase the formula size up to exponentially.
Previous works computed monadic decompositions without any theoretical guarantee [23], or
decompositions that are always exponentially sized [16, 6], agnostic of the input formula. We
leave it for future work to investigate whether our approach could produce smaller monadic
DNFs in practice.

A precise application of our lower bound results concerns quantifier elimination, where an
existential Presburger formula ∃x Φ(x,y) is to be converted into an equivalent quantifier-free
formula Ψ(y). Only very recently, it was shown that a block of existential quantifiers can
be eliminated in exponential time [15], improving on the double exponential complexity of
previous algorithms. Our lower bound implies that eliminating a single existential quantifier
in a Presburger formula necessarily leads to formulas of exponential size in the worst-case.
To the best of our knowledge, such an exponential lower bound has only been known for the
elimination of a block of multiple existential quantifiers [15, Section 6].

We also provide an application of periodicity properties of monadically decomposable
Presburger formulas. We determine the precise complexity of deciding monadic Presburger
arithmetic, containing true quantified Presburger sentences Q1x1 · · ·Qkxk Φ where the formula
Φ is monadically decomposable. In fact, this logic is interreducible with quantified Boolean
formulas (QBF) in a strong sense: Full monadic Presburger arithmetic is PSPACE-complete,
and deciding its Σi-fragment is ΣP

i -complete.

Related work. In [4], Bergsträßer et al. solved the problem of monadic decomposability
in Presburger arithmetic in coNP using the framework of Ramsey quantifiers [3]. In its
basic form, a Ramsey quantifier expresses the existence of an infinite clique. In particular, a
Ramsey quantifier can express that a formula is not monadically decomposable, by describing
“infinite dependencies” in a relation. While such an infinite clique describes a witness for non-
decomposability, this approach does not provide a monadic decomposition in the positive case.
Markgraf et al. [21] studied the problem of learning finite unions of rectilinear hypercubes
in Angluin’s exact learning framework with membership and equivalence queries, obtaining
a learning-based monadic decomposition algorithm over (Z,+,≤), i.e., the quantifier-free
fragment of Presburger arithmetic without modulo constraints. Chistikov et al. [6] studied
the complexity of Presburger arithmetic extended with unary counting quantifiers ∃=xy, and
showed that its complexity drops significantly when restricting to so called monadically-
guarded formulas.

2 Preliminaries

Presburger arithmetic. We use the following syntax of Presburger arithmetic (PA) [14].
Fix a countable set of first-order variables {x, y, x1, x2, . . . , }. A term is an expression of
the form t(x) = λ1x1 + · · · + λnxn + c where each xi is a variable and λ1, . . . , λn, c ∈ Z.
Atomic formulas of Presburger arithmetic are linear inequalities and congruences (or modulo
constraints)

s(x) ≤ t(x) and s(x) ≡ t(x) (mod m)
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where s(x), t(x) are terms, and m ∈ N \ {0} is a modulus. We can always ensure that
inequalities are of the form t(x) ≥ 0 and congruences are of the form t(x) ≡ 0 (mod m).
Unless mentioned otherwise, all numbers are encoded in binary. If Φ1,Φ2 are formulas and x
is a variable, then (Φ1 ∨ Φ2), ¬Φ1, and ∃xΦ1 are formulas. We almost exclusively work in
the quantifier-free fragment of Presburger arithmetic, unless mentioned otherwise. We use
the standard abbreviations for the truth values ⊤ = (0 = 0), ⊥ = ¬⊤, Boolean operators
∧,→,↔, and the universal quantifier ∀x. The semantics of Presburger arithmetic is defined
as expected. A variable assignment a is formally a partial function that maps variables
to natural numbers. We usually write a as an ordered tuple, assuming an order on the
variables. Given a formula Φ(x) and an assignment a on the free variables x of Φ, we write
Φ(a) ∈ {⊤,⊥} for the truth value of Φ under a.

If Φ is a formula, we denote by |Φ| its length, i.e., the number of bits required to write
down Φ, where numbers are encoded in binary. By ∥Φ∥ we denote the maximal coefficient,
constant, or modulus appearing in Φ. The set of all moduli occurring in Φ is denoted by
mod(Φ).

Circuit complexity. A key ingredient in this work are logarithmic depth circuits for arith-
metic operations on natural numbers encoded in binary encoding and Chinese remainder
representation. We only give the necessary definitions and refer to [24] for a detailed introduc-
tion into circuit complexity. A Boolean circuit C is a finite directed acyclic graph in which
every node, called gate, is either labeled by one of the Boolean operations ¬,∧,∨, or is an
input gate labeled by some input variable xi. Its size is the total number of gates, its depth
is the length of the longest path from an input gate. The fan-in (fan-out) of a gate is the
number of incoming (outgoing) edges. Each ¬-gate has fan-in 1, and input gates have fan-in
0. A circuit whose fan-out is bounded by 1 is simply a propositional formula. Finally, some
gates are designated as the output gates, and are further labeled by some output variable yi.
A circuit with input variables x1, . . . , xn and output variables y1, . . . , ym naturally computes
a Boolean function fC : {0, 1}n → {0, 1}m.

An NC1 circuit family {Cn}n∈N consists of circuits Cn such that for some polynomial
p(n) and some constant c > 0:

the circuit Cn has size at most p(n),
Cn has input variables x1, . . . , xn,
Cn has depth at most c · log(n),
every gate of Cn has fan-in at most 2.

Additionally, we tacitly assume that all circuit families {Cn}n∈N are P-uniform, i.e. there
exists a polynomial-time algorithm which computes from 1n a description of Cn. We note
that stronger notions of uniformity are commonly used, such as DLOGTIME-uniformity. A
partial function f : {0, 1}∗ → {0, 1}∗ is computable in NC1 if there exists a NC1 circuit family
{Cn}n∈N such that for every u ∈ dom(f) if the circuit C|u| on input u computes f(u). Since
an NC1-circuit of depth d = O(logn) can be unfolded in polynomial-time into a formula of
size 2d = nO(1), P-uniform NC1 can be alternatively defined using families of polynomial-size
Boolean formulas. Throughout this paper we repeatedly make use of this fact.

We also mention the subclasses AC0 and TC0 of NC1. An AC0 circuit family {Cn}n∈N
consists of circuits Cn whose depth is bounded by a constant but the fan-in is unbounded. A
TC0 circuit family is defined similarly to AC0, but circuits additionally may contain threshold
gates that evaluate to true if and only if at least half of its incoming edges evaluate to true.
It is known that AC0 ⊊ TC0 ⊆ NC1. In this work, we use the fact that TC0 contains iterated
addition, i.e., the sum of n binary encoded numbers, and multiplication of two binary encoded
numbers [5]. In fact, iterated multiplication is also contained in DLOGTIME-uniform TC0,
which is a remarkable result by Hesse, Allender, and Barrington [17].

LICS 2026
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3 Monadic decompositions

A formula is monadic if it is a Boolean combination of atomic formulas each having at
most one variable. A monadic decomposition (or simply decomposition) of a formula Φ is
a monadic formula equivalent to Φ. If such a monadic decomposition exists, we say that
Φ is monadically decomposable. We say that a monadic formula is normalized if all atomic
formulas are of the form x ≤ c, x ≥ c, or x ≡ c (mod pk) where p is a prime. It is easy to
see that every monadic formula can be normalized with only a constant factor size increase,
see Lemma 22.

An n-ary relation R ⊆ Nn over the naturals is recognizable if it is a finite union R =⋃k
i=1 Ri of Cartesian products Ri =

∏n
j=1 Ai,j for Presburger-definable subsets Ai,j ⊆

N. A Presburger formula defines a recognizable relation if and only if it is monadically
decomposable [23, Proposition 3.1].

Periodicity of monadic Presburger relations. Our work is heavily based on the main
argument of [16, 6] to compute monadic decompositions in Presburger arithmetic. In essence,
it says that monadic Presburger relations are ultimately periodic along every component,
i.e., if a tuple a contains a sufficiently large component ai then ai can be pumped, without
changing membership to the relation. The case of n = 2 is illustrated in Figure 1, where any
two regions of the same color are “equal”.

More precisely, given a threshold B ∈ N and a period M ∈ N \ {0} we define the
equivalence relation ≃M

B on N by

a ≃M
B b ⇐⇒ (a, b ≥ B and a ≡ b (mod M)) or (a, b < B and a = b).

We extend ≃M
B to Nn by defining a ≃M

B b iff ai ≃M
B bi for all i ≤ n.

▶ Threshold lemma. [[6, Proposition 3]] Let Φ(x) be a monadically decomposable quantifier-
free formula, let |x| = n and M = lcm(mod(Φ)). Then there exists a threshold B =
2O(n2)(M · ∥Φ∥)O(n) such that a ≃M

B b implies Φ(a) ⇔ Φ(b), for all a, b ∈ Nn.

The Threshold lemma implies that the following formula is a monadic decomposition of
Φ, if Φ is indeed monadically decomposable:∨

a∈[0,B+M−1]n

(x ≃M
B a ∧ Φ(a))

Notice that it is exponentially large in the number of variables n, and polynomial in B +M ,
which could be exponentially large in the formula size.

We observe on the complexity of monadic Presburger arithmetic, containing all true
quantified Presburger sentences Q1x1 · · ·Qkxk Φ, where Qi ∈ {∃,∀} for i ∈ [1, k] and Φ
is monadically decomposable. By the Threshold lemma each variable in a monadically
decomposable formulas only takes exponentially few possible types. This allows us to obtain
a tight connection to propositional logic:

▶ Theorem 1. Monadic Presburger arithmetic is polynomial-time interreducible with pro-
positional QBF. Both reductions preserve the quantifier alternation. Therefore, monadic
Presburger arithmetic is PSPACE-complete and deciding its Σi-fragment is ΣP

i -complete.

Proof. A QBF can be easily simulated in monadic Presburger arithmetic, e.g., by replacing
each propositional variable x by the inequality x > 0. Conversely, consider a Presburger
formula

Ψ = Q1x1 . . . Qnxn : Φ(x1, . . . , xn)
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x

y

0

B

B + M

B + 2M

B + 3M

B B+M B+2M B+3M B+4M B+5M

Figure 1 Any two boxes with the same color look the same.

where each Qi ∈ {∃,∀} and Φ is monadically decomposable. By the Threshold lemma we can
restrict each quantified variable xi in Ψ to [0, B +M − 1], without changing the truth value
of Ψ. Such a bounded variable xi can be represented by ℓ = ⌈log2(B+M − 1)⌉ propositional
variables xi,0, . . . , xi,ℓ−1 encoding the binary expansion xi =

∑
j<ℓ xi,j2j of xi. Notice that

ℓ is polynomially bounded in |Φ|. It remains to replace every atomic formula φ in Φ by a
propositional formula on the bit variables xi,j that simulates the φ. For inequalities φ this is
possible since iterated addition, multiplication, and comparison of binary encoded numbers
is in TC0 ⊆ NC1. For congruences, we can use that division in in TC0 ⊆ NC1. ◀

Let us remark that the above proof could have alternatively used Chinese remainder
representations instead of binary encodings, which will become necessary in Section 5.

4 Exponential lower bound

In this section we will prove the following lower bound.

▶ Theorem 2. Every monadic decomposition of the formula x ≡ y (mod 2n) has size 2Ω(n).

Let Φ be a monadic decomposition of x ≡ y (mod 2n). The proof proceeds in four steps
that successively simplify the monadic decomposition. In the first step we normalize Φ, i.e.,
we can assume that Φ is a Boolean combination of formulas z ≤ c, z ≥ c, or z ≡ c (mod pk)
where p is a prime and z is either x or y. In the second step, we eliminate all inequalities in
Φ. Intuitively, any inequality atom does not really contribute to describing x ≡ y (mod 2n).

▶ Lemma 3. x ≡ y (mod 2n) has a decomposition of size O(|Φ|) whose atomic formulas are
only congruences.

Proof. Each monadic inequality is replaced by true or false by intuitively substituting the
free variable by ∞. Formally, we replace

each inequality z ≤ c by ⊥, and
each inequality c ≤ z by ⊤, (1)

LICS 2026
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where z ∈ {x, y}. Let Φ′(x, y) be the new formula. From the definition, it is clear that the
atomic formulas in Φ′ are all congruences, and |Φ′| ≤ |Φ|. It remains to prove that Φ and Φ′

are equivalent. For this, let C def= ∥Φ∥ + 1 and let M def= lcm(mod(Φ)). We prove that Φ′(x, y)
correctly computes Φ on the values (x+ 2nCM, y+ 2nCM), by induction on the subformulas
of Φ. For any subformula φ of Φ obtain φ′ by applying the substitution (1) to φ. Then:

for all a, b ∈ N : φ(a+ 2nCM, b+ 2nCM) ⇔ φ′(a, b)

Let φ be z ≤ c. Then φ′ is defined as ⊥. For any a ∈ N, a+ 2nCM ≥ a+ c+ 1 > c by
definition of C. Therefore for any a, b ∈ N we get φ(a+2nCM, b+2nCM) ⇔ ⊥ = φ′(a, b).
Let φ be c ≤ z. Then φ′ is defined as ⊤. For any a ∈ N, a+ 2nCM ≥ a+ c+ 1 ≥ c by
definition of C. Therefore for any a, b ∈ N we get φ(a+2nCM, b+2nCM) ⇔ ⊤ = φ′(a, b).
Let φ be z ≡ c (mod pk). Then φ′ = φ. For any a ∈ N, a + 2nCM ≡ a (mod pk) by
definition of M . Therefore for any a, b ∈ N we get φ(a+ 2nCM, b+ 2nCM) ⇔ φ(a, b) =
φ′(a, b).
The case of Boolean combinations follows naturally.

To conclude, we notice that for any a, b ∈ N,

Φ(a, b) ⇔ (a ≡ b (mod 2n))
⇔ (a+ 2nCM ≡ b+ 2nCM (mod 2n))
⇔ Φ(a+ 2nCM, b+ 2nCM)

which is equivalent to Φ′(a, b) by the previous induction. ◀

Next, we eliminate congruence atoms whose moduli are not powers of two. Again, the
elimination procedure is almost trivial, since these congruences do not contribute to the
description of x ≡ y (mod 2n).

▶ Lemma 4. x ≡ y (mod 2n) has a decomposition of size O(|Φ|) whose atomic formulas are
only congruences with moduli that are powers of two.

Proof. We assume that Φ is a Boolean combination of monadic congruences by Lemma 3.
Now we replace each congruence z ≡ c (mod pk) in Φ where p ̸= 2 by its evaluation on
0. Let Φ′(x, y) be the new formula. From the definition, it is again clear that the atomic
formulas in Φ′ are all congruences with moduli that are powers of two, and |Φ′| ≤ |Φ|. It
remains to prove that Φ and Φ′ are equivalent.

Let C ∈ N be the maximum of 2n and of all moduli in Φ which are powers of two. Let
M ∈ N be the least common multiple of all the other moduli appearing in a congruence in
Φ. Since C and M are co-prime, Bézout’s theorem tells us there exist u, v ∈ N such that
1 + u · C = v ·M , and thus for any a ∈ N we have a+ auC = avM . We prove that Φ′(x, y)
correctly computes Φ on the values (xvM, yvM), by induction on the subformulas of Φ. For
every subformula φ of Φ obtain φ′ by substituting each congruence z ≡ c (mod pk) where
p ̸= 2 by its evaluation on 0. Then:

φ(avM, bvM) ⇔ φ′(a, b) for all a, b ∈ N.

Let φ be z ≡ c (mod pk) with p ̸= 2. Then φ′ is defined as φ(0). For any a ∈ N, avM ≡ 0
(mod pk) since pk divides M . Therefore for any a, b ∈ N we get φ(avM, bvM) ⇔ (0 ≡ c

(mod pk)) = φ′(a, b).
Let φ be z ≡ c (mod 2k). Then φ′ = φ. For any a ∈ N, avM = a+ auC ≡ a (mod 2k)
since 2k divides C. Therefore for any a, b ∈ N we get φ(avM, bvM) ⇔ φ(a, b) = φ′(a, b).
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The case of Boolean combinations follows naturally.

To conclude, we notice that for any a, b ∈ N, and by definition of C,

Φ(a, b) ⇔ (a ≡ b (mod 2n))
⇔ (a+ auC ≡ b+ buC (mod 2n))
⇔ (avM ≡ bvM (mod 2n))
⇔ Φ(avM, bvM)

which is equivalent to Φ′(a, b) by the previous induction. ◀

To finish the proof of Theorem 2, it remains to prove that monadic decompositions of the
relation x ≡ y (mod 2n) which only use congruences with powers of two as moduli must be
exponentially large.

▶ Lemma 5. If Φ is a monadic decomposition of the relation x ≡ y (mod 2n) whose atomic
formulas are all congruences modulo powers of two, then Φ contains at least 2n+1 many
literals.

Proof. Consider a monadic decomposition Φ(x, y) and turn it into disjunctive normal form,
preserving its set of literals. Assume that Φ =

∨
i∈I(φi(x) ∧ ψi(y)) where φ and ψ are

conjunctions of monadic literals. For any i ∈ I the formula φi(x) ∧ ψi(y) defines a rectangle

A×B ⊆ {(a, b) ∈ N2 | a ≡ b (mod 2n)}. (2)

Consider any number c ∈ N. Since Φ(c, c) holds, there exists i ∈ I such that φi(c), and
furthermore ¬φi(c+ 2n−1) holds by (2). This implies that every literal in φi is true under
x = c but one of the literals becomes false under x = c + 2n−1. Recall that all atomic
formulas are congruences modulo powers of two. Observe that the only congruences modulo
a power of two that are true under x = c and false under x = c+ 2n−1 are

Lc = {x ≡ c (mod 2k) | k ≥ n} ∪ {x ̸≡ c+ 2n−1 (mod 2k) | k ≥ n}.

In summary, the set of literals of Φ must intersect Lc for every c ∈ N. Furthermore, the
sets Lc for c ∈ [0, 2n − 1] are pairwise disjoint. Hence, the set of literals of Φ on variable x
intersects 2n disjoint sets, and must therefore be of size ≥ 2n. Repeating these arguments
for variable y give us 2n extra necessary literals, which concludes the proof. ◀

Application: Quantifier elimination
Theorem 2 implies another interesting result. It has been known that eliminating a block
of existential quantifiers in Presburger arithmetic can incur an exponential size blow-up,
see [25] and the discussion in [15, Section 6]. To the best of our knowledge, it has been open
whether an exponential lower bound also holds for eliminating a single quantifier.

▶ Theorem 6. For any n ∈ N there exists a formula ∃yΦ(x, y) of size O(n) such that
any equivalent quantifier-free formula Ψ(x) has size 2Ω(n). The formula Φ is monadically
decomposable.

Proof. Consider the formula Φ(x, y) = x ≡2n y ∧ y < 2n−1, and let Ψ(x) be a quantifier-free
formula equivalent to ∃yΦ(x, y). Then Ψ(x) is automatically a monadic formula, and observe
that Ψ(x) holds if and only if the n-th bit of x is 0. Furthermore Ψ(2i · x) holds if and
only if the (n − i)-th bit of x is 0, for any i ∈ [n − 1]. Therefore, we can express x ≡2n y

monadically by
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n−1∧
i=0

Ψ(2i · x) ↔ Ψ(2i · y),

stating that the n least significant bits of x and y agree. Since any monadic decomposition of
x ≡2n y has size 2Ω(n) by Theorem 2, the same lower bound applies to the size of Ψ(x). ◀

Let us remark that the techniques used to prove Theorem 2 can also be applied directly
to the above formula to give a tighter lower bound: Ψ(x) must contain at least 2n−1 literals.
This matches the naïve expansion with one congruence for each constant c < 2n−1 describing
the n least significant bits of variable x.

5 Constructing small decompositions

Guided by the lower bound for congruences, in the following we will present relaxations
that enable efficient decomposition algorithms. On the one hand, we identify fragments of
Presburger arithmetic that admit efficient monadic decomposition, namely formulas for finite
relations and formulas with congruences of polynomially-bounded moduli. On the other hand,
we prove that in any monadically decomposable formula we can at least efficiently decompose
all inequalities while leaving the congruences non-monadic. We start by presenting Chinese
remainder representations, the main ingredient which allows the use of results from circuit
complexity.

5.1 Chinese remainder representations
In the following let pi denote the i-th prime number, and Pd be the product of the first
d primes. The Chinese remainder representation (CRR) of a natural number a ∈ N in
dimension d is a Boolean sequence crrd(a) that encodes each remainder a mod pi in unary as
follows:

crrd(a) def= (a(pi,r))i∈[d], r∈[0,pi−1]

where a(pi,r) def=
{

1, if a ≡ r (mod pi),
0, otherwise.

By the Chinese remainder theorem, every number between 0 and Pd−1 is uniquely represented
by its CRR in dimension d, implying a number written in binary using n bits can be
written in CRR using O(n2 logn) = nO(1) bits. For tuples a ∈ Nn, we naturally define
crrd(a) def= (crrd(a1), . . . , crrd(an)).

Now let f be a partial operation on natural numbers, mapping tuples a ∈ Nn of variable
length n to a number f(a) ∈ N. Given a variable x we denote by crrd(x) the tuple of
fresh variables (x(pi,r))i∈[d], r∈[0,pi−1]. Similarly, for a variable tuple x we define crrd(x).
Observe that f is NC1-computable on CRR numbers if and only if there exists a circuit
family {Cn,d}n,d∈N such that

Cn,d has size at most polynomial in n+ d and depth O(log(n+ d)),
Cn,d has input variables x(pi,r)

j and output variables y(pi,r) for i ∈ [d], r ∈ [0, pi − 1], and
j ∈ [n],
for all a ∈ [0, Pd − 1]n such that f(a) is defined and f(a) < Pd, the circuit Cn,d computes
on input crrd(a) the tuple crrd(f(a)).

The following theorem was proved in [2, Corollary 5.4] and [10, Theorem 4.6]. A better
bound of DLOGTIME-uniform TC0 is given in [17].
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▶ Theorem 7. Integer division and comparison of CRR numbers are computable in P-uniform
NC1.

Throughout this paper we also need the simple observation that linear term functions are
uniformly computable on CRR numbers in NC1.

▶ Lemma 8. The following function on CRR numbers is computable in NC1: Given tuples
a,λ ∈ Nn of arbitrary length and b ∈ N, compute

∑n
i=1 λiai + b.

The following lemma converts Boolean NC1-circuits for CRR computations into monadic
Presburger formulas, showing Presburger arithmetic can be simulated monadically over a
bounded domain.

▶ Lemma 9. Given an atomic formula α(x) and a binary encoded number B, one can compute
in polynomial time a monadic formula αB(x) which is equivalent to α over [0, B − 1]n.

Proof. We choose d ∈ N minimal such that Pd > (n · (B − 1) + 1) · ∥α∥. The sequence of
primes p1, . . . , pd can be computed in polynomial time and yields polynomial-sized CRRs.

We can assume that the atomic formula α(x) is either an inequality s(x) ≤ t(x) or a
modulo constraint t(x) ≡ c (mod m), where s(x), t(x) are terms with nonnegative coefficients.
Using Lemma 8 we construct for any term t(x) in α in polynomial time a circuit Ct which
computes the function a 7→ t(a) on numbers encoded in CRR in dimension d. The circuit
Ct has polynomial size and logarithmic depth measured in |α| and logB. For any such term
t in α, we can bound

0 ≤ t(a) ≤ (n · ∥a∥ + 1) · ∥α∥ < Pd for all a ∈ [0, B − 1]n.

Therefore Ct computes the term function t correctly on all inputs a ∈ [0, B − 1]n.
We can now construct in polynomial time a bounded fan-in Boolean circuit Cα of

logarithmic depth with input variables crrd(x) such that

Cα(crrd(a)) = α(a) for all a ∈ [0, B − 1]n.

If α is an inequality s(x) ≤ t(x) we use the NC1-circuit for CRR comparison from Theorem 7,
which takes as inputs the outputs of the circuits Cs and Ct. If α is a modulo constraint
t(x) ≡ 0 (mod m), we test whether ⌊t(x)/m⌋ · m = t(x). This can be done in NC1 using
the NC1-circuits for CRR integer division from Theorem 7 and CRR multiplication from
Lemma 8, using as inputs the output of Ct and the hardcoded crrd(m).

In both cases we unfold Cα into a polynomial-size Boolean formula and replace each
variable x(p,r) by the atomic Presburger formula x ≡ r (mod p). ◀

5.2 Finite relations
We can now prove our first upper bound result.

▶ Theorem 10. Given a formula Φ defining a finite relation, one can compute a monadic
decomposition of Φ in polynomial time.

Proof. Let Φ(x) be a quantifier-free formula that defines a finite relation R ⊆ Nn. Let
B be a threshold and M a period from the Threshold lemma such that a ≃M

B b implies
Φ(a) ⇔ Φ(b). Observe that R must be contained in [0, B − 1]n: If R would contain a tuple
a with ai ≥ B for some i ∈ [n] then we could add any multiple of M to the i-th component
of a and obtain infinitely many elements in R, contradicting the assumption that R is finite.
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Let Ψ(x) be obtained from Φ(x) by replacing each atomic formula by a monadic formula
using Lemma 9. Then Φ(x) and Ψ(x) are equivalent over [0, B−1]n, and the desired monadic
decomposition of Φ is

Φ′(x) ∧
∧

i∈[n]

xi < B.

This concludes the proof. ◀

An intriguing open problem is to improve the formula complexity of arithmetic operations
on CRR numbers, as this would immediately entail smaller monadic decompositions. [10,
Theorem 4.6] proves that testing x ≤ y for numbers in CRR using n bits has bounded fan-in
circuits of size O(n2) and O(logn) depth. Unfolding such a circuit into a formula, creates a
formula of polynomial size whose degree depends on the O-constant of the depth bound.

5.3 Decomposing comparisons
The lower bound from Section 4 suggests that congruences with large modulus are hard to
decompose. Our second upper bound result shows that comparison atoms can always be
decomposed, assuming that the entire formula is decomposable. This motivates the definition
of weakly monadic decompositions.

A Presburger formula is weakly monadic if it is a Boolean combination of monadic
linear inequalities and congruences, the latter possibly involving multiple variables. A
weakly monadic decomposition of a formula Φ is a weakly monadic formula equivalent to
Φ. Since congruences are always monadically decomposable, weakly monadic formulas are
an alternative syntax for monadic Presburger relations, with exponential succinctness in
some cases as witnessed by Theorem 2. It turns out that this syntax is effective and indeed
efficient:

▶ Theorem 11. Given a decomposable formula Φ, one can compute a weakly monadic
decomposition of Φ in polynomial time.

In the following we will prove Theorem 11. Consider a monadically decomposable formula
Φ, fix a threshold B and a period M from the Threshold lemma. Let us first present a
weakly monadic decomposition whose size is exponential in the number of variables, and later
improve it to a polynomial dependency. We have to monadically decompose the inequalities
of Φ. The big picture of the proof is to look at every case of which variables are above the
threshold B and which are below. Our goal is to write a monadic decomposition of Φ of the
form

Φ1
def=

∨
U⊆[n]

ΦU (x) ∧
∧
i∈U

xi ≥ B ∧
∧
i ̸∈U

xi < B

 (3)

where ΦU is a formula to be defined that is equivalent to Φ on the subdomain dom(U) def=
{a ∈ Nn | ai ≥ B iff i ∈ U}.

Let us fix U ⊆ [n] the subset of currently considered “unbounded” variables. We obtain
ΦU from Φ by replacing each inequality atom α by a monadic formula αU . In this section
we consider such atoms to have the shape

α(x) = (t(x) ≥ 0) where t = λ1x1 + · · · + λnxn + c.

where the coefficients λi and the constant c are possibly negative integers. We distinguish
two cases:
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1. If {i ∈ U |λi ̸= 0} is empty, then all free variables in α are bounded by B, and α(x)
actually defines a finite relation when restricted to dom(U). We say that α is bounded
under U . Then Lemma 9 gives a monadic formula αB which is equivalent to α on dom(U).

2. If {i ∈ U |λi ̸= 0} is not empty, let j be its smallest element1. Then xj can be considered
“unbounded” and can be pumped arbitrarily large. On the one hand, according to
the Threshold lemma, this pumping of xj does not change the truth value of Φ at the
global level. On the other hand, if we think of xj as being “infinite” the truth value of α is
fixed, independent of the valuation of the other variables. We replace α by αU = (λj > 0),
which is either αU = ⊤ or αU = ⊥.

In summary, ΦU is obtained from Φ by replacing each atom α by

αU (x) def=
{
αB , if λi = 0 for all i ∈ U,

(λj > 0), if j = min{i ∈ U | λi ̸= 0}.
(4)

▶ Lemma 12. Φ1 is a monadic decomposition of Φ.

Proof. Clearly, Φ1 is monadic. Then fix U ⊆ [n], we need to prove that Φ and ΦU are
equivalent on dom(U). To this end, we assign to each a ∈ dom(U) the pumped tuple
a(U) = (aU

1 , . . . , a
U
n ) where aU

i is defined inductively:

aU
i =

{
ai, if i /∈ U

ai + n∥Φ∥(max(B, aU
i+1, . . . , a

U
n ) + 1) ·M, if i ∈ U.

The pumped tuple is defined to artificially satisfy the priority order x1 ≫ . . . ≫ xn ≫ B,
applied to variables appearing in U only. Moreover, it satisfies a(U) ≃M

B a, and therefore
Φ(a) = Φ(a(U)) by the Threshold lemma. It remains to show that every inequality atom
α in Φ satisfies α(a(U)) = αU (a) for all a ∈ dom(U), which will imply that ΦU is indeed
equivalent to Φ on dom(U), eventually yielding Φ1(x) ⇔ Φ(x).

▷ Claim. α(a(U)) = αU (a) for all a ∈ dom(U).

Proof of claim. If α is bounded under U , then the free variables of α are unchanged after
pumping. The claim follows directly from Lemma 9. Otherwise, let j ∈ U be the minimal
index with λj ̸= 0. We show that aU

j dominates the term t(a(U)). From the bounds

|λi|, |c| ≤ ∥Φ∥ for all i ∈ [n],
aU

i < B for all i < j,

aU
i ≤ max(a(U)

j+1, . . . , a
(U)
n ) for all i > j,

we obtain∣∣∣∣∣∣
∑
i ̸=j

λia
U
i + c

∣∣∣∣∣∣ ≤ n∥Φ∥ max(B, aU
j+1, . . . , a

U
n ) < aU

j .

Therefore the sign of

t(a(U)) = λja
U
j +

∑
i̸=j

λia
U
i + c


1 Here, we used the priority order x1 ≫ x2 ≫ . . . ≫ xn on variables. This is an arbitrary choice, any

other variable order would also work.
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xi1 < B

λi1 > 0xi2 < B

λi2 > 0
xiℓ

< B

λiℓ
> 0αB(x)

Figure 2 Binary decision diagram representing α3.

is determined by λj , precisely t(x) ≥ 0 ⇔ λj > 0. This concludes the proof of the claim and
of the lemma. ◁

◀

To reduce the size of Φ1 we first push the exponentially large union over all subsets
U ⊆ [n] to the level of the formulas αU (x). In other words, obtain Φ2 from Φ by replacing
each inequality atom α by

α2(x) def=
∨

U⊆[n]

αU (x) ∧
∧
i∈U

xi ≥ B ∧
∧
i ̸∈U

xi < B

 .

Since Φ ⇔ Φ1 and each assignment of x induces exactly one set U of unbounded variables,
we also have Φ ⇔ Φ2.

Finally, to further compress the atoms α2, for every inequality atom α in Φ of the form

α : λi1xi1 + . . .+ λiℓ
xiℓ

+ c ≥ 0 where i1 < · · · < iℓ

and λi1 , . . . , λiℓ
̸= 0

define the monadic formula α3 according to the binary decision diagram in Figure 2. The
idea of α3 is that, at the atomic level, we do not need to consider all exponentially many
cases for U anymore. Instead, one goes through the free variables of α one-by-one following
the priority order x1 ≫ . . . ≫ xn, and concludes as soon as one unbounded value is found,
by virtually pumping it.

▶ Lemma 13. α2 is equivalent to α3.

Proof. (⇒): If a ∈ Nn satisfies the disjunction in α2 then let U be such that a ∈ dom(U),
and we have αU (a).

If λi = 0 for all i ∈ U , then αU = αB by (4), and α2(a) ⇔ αB(a). Similarly, following
the decisions for α3(a) leads to αB(a), proving α2(a) ⇔ α3(a).
Else, let j ∈ U be the minimal index with λj ≠ 0, then αU (x) is defined as λj > 0, and
following the decisions for α3 leads us to λj > 0, proving α2(a) ⇔ α3(a).

(⇐): Conversely, let a satisfy α3, and let U ⊆ [n] such that a ∈ dom(U), i.e.,
∧

i∈U ai ≥
B ∧

∧
i ̸∈U ai < B.

if λi = 0 for all i ∈ U , then α3(a) ⇔ αB(a) ⇔ α2(a).
else, let j ∈ U be the minimal index with λj ̸= 0, then α3(a) ⇔ λj > 0 ⇔ α2(a). ◀
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To conclude the proof of Theorem 11, the desired monadic decomposition of Φ is the
formula Φ3 obtained from Φ by replacing every inequality atom α in Φ by α3.
▶ Remark. The weakly monadic decomposition computed in Theorem 11 has the following
restricted shape: The new monadic comparisons are of the form z < B or z ≥ B, and the
newly introduced modulo constraints are monadic, with polynomially small moduli, coming
from the formulas αB .

5.4 Formulas with small moduli
Let us first apply directly Theorem 11 to an input formula which is a Boolean combination of
linear (in)equalities. Since the construction from Theorem 11 does not introduce non-monadic
congruences, the obtained decomposition is in fact monadic.

▶ Theorem 14. Given a monadically decomposable Boolean combination of linear (in)equali-
ties, one can compute a monadic decomposition of Φ in polynomial-time.

We extend this result to formulas with polynomial moduli, or alternatively moduli written
in unary.

▶ Theorem 15. Given a monadically decomposable formula Φ, one can compute a monadic
decomposition of Φ in time polynomial in |Φ| and max(mod(Φ)).

Proof. By Theorem 11, we first compute a weakly monadic decomposition Φ1 of Φ. Since
the transformation Φ 7→ Φ1 does not introduce non-monadic congruences, it remains to
decompose congruences in Φ1 that were already present in Φ. Consider a congruence
t(x) ≡ 0 (mod m). We represent a number a in unary modulo m, i.e., by the m-tuple of bits
(a ≡ r (mod m))r∈[0,m−1]. Then the term t(x) can be computed in NC1 in unary modulo
m representation. From such an NC1-circuit we obtain a polynomial-sized monadic formula
equivalent to t(x) ≡ 0 (mod m). ◀

6 Characterization of formulas with small decompositions

In this section we want to characterize which Presburger formulas admit small monadic
decompositions, independently of whether the decomposition can be computed efficiently.
In light of Theorem 11, we need to understand how many monadic modulo constraints a
given formula encodes. Since the dependency of the input formula size is exponential in the
worst-case, we introduce a formula parameter, called modular index, for a more fine-grained
analysis. We will prove that the modular index is both a lower bound and yields an upper
bound (up to polynomial terms) to the minimal size of a monadic decomposition.

6.1 The modular index
The most straightforward parameter for measuring decomposability is the index of a formula,
based on the following Myhill-Nerode style equivalence relation. Fix a quantifier-free Pres-
burger formula Φ(x) in n free variables. For every variable x, define the equivalence relation
∼x on N by:

a1 ∼x a2
def⇔ ∀b ∈ Nn−1 : Φ(a1, b) ⇔ Φ(a2, b).

Here, and in the following, we denote by Φ(a, b) the value of Φ under the assignment mapping
the distinguished variable x to a, and the other n− 1 variables to b. Then Φ is monadically
decomposable if and only if for every variable x, the equivalence relation ∼x has finite index
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(number of equivalence classes) [19, Lemma 4]. We call the maximal index of relations ∼x for
different variables x the index of Φ. In fact, if the index is finite then there exists a monadic
decomposition of size O(idx(Φ)n+1 · n · |Φ|), based on monadic formulas that define each
equivalence class, see Lemma 23.

However, the index of Φ can be exponentially larger in the worst-case than its smallest
monadic decomposition. For example, if Pd is the product of the first d primes p1, . . . , pd, then
the formula x ≡Pd

y has index Pd, but the following monadic decomposition has polynomial
size in d:

d∧
i=1

∨
r∈[0,pi−1]

(x ≡pi r ∧ y ≡pi r)

Another example for this exponential gap is given by the formula 0 ≤ x ≤ y < 2n. While the
formula has index 2n, it has a polynomially-sized monadic decomposition by Theorem 10.
Guided by these two examples, we will adapt the definition of the ∼x-equivalence so that it
looks at the limit behavior of Φ through congruence classes modulo a prime power.

From now on, we suppose that Φ is monadically decomposable. Let B be a threshold of
Φ and M = lcm(mod(Φ)) a period, according to the Threshold lemma. For a fixed variable
x and a maximal prime power q | M , we define the q-equivalence of Φ with respect to x as
the relation defined by u ∼x

q v if and only if

∀u′, v′ ≥ B,


u′ ≡ v′ (mod M/q)
u′ ≡ u (mod q)
v′ ≡ v (mod q)

=⇒ u′ ∼x v′

Notice that u and v only appear in congruences mod q in this definition, such that the
q-equivalence is refined by congruence modulo q. In other words, ∼x

q can truly be under-
stood as an equivalence relation over Z/qZ. The Chinese remainder theorem together with
the Threshold lemma guarantee reflexivity of ∼x

q . We define the q-index of Φ with respect
to x as the index of ∼x

q . The q-index is naturally bounded by q, and captures how many
different q congruence classes have different behavior for variable x under Φ. The modular
index of Φ is the maximal q-index where q ranges over all maximal prime power q dividing
M , with respect to all variables. For example, the modular index of the example formula
x ≡Pd

y from above is pd.

▶ Remark. Let us remark that the modular index is in fact a semantic parameter, that only
depends on the described relation. Although the definition uses the threshold B and a period
M , it can be derived from the Threshold lemma that obtaining different B and M from an
other formula describing the same relation would define the same modular index.

6.2 Lower bound
▶ Proposition 16. Let q be a maximal prime power dividing M , let Ψ be a normalized
monadic decomposition of Φ. If Ψ contains at most s distinct congruence atoms in x whose
modulus divide q, then Φ has q-index at most s+ 1 wrt. x.

Proof. Let C be the set of congruences in Ψ in variable x, and Cq ⊆ C be the congruences
whose modulus divides q. Define u ≈x

q v if u and v satisfy the same set of congruences in
Cq. We claim that ≈x

q refines ∼x
q : Suppose that u ≈x

q v, and let u′, v′ ≥ B such that u′ ≡ v′

(mod M/q), u′ ≡ u (mod q), and v′ ≡ v (mod q). We need to prove that u′ ∼x v′. First,
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u′ and v′ satisfy the same congruences in Cq by hypothesis. Moreover, u′ ≡ v′ (mod M/q)
implies that u′ and v′ satisfy the same congruences in C \ Cq. Furthermore, since u′, v′ ≥ B,
all inequalities on variable x evaluate to the same values under u′ and v′ (x ≤ c becomes
false, x ≥ c becomes true). This establishes Ψ(u′) = Ψ(v′).

Therefore, to bound the index of ∼x
q , we instead bound the number of ≈x

q -classes. Consider
two congruences α, β ∈ Cq of the form α = (x ≡ c (mod pi)) and β = (x ≡ d (mod pj)).

If i ≥ j and c ≡ d (mod pj) then α implies β.
If i ≤ j and c ≡ d (mod pi) then β implies α.
Otherwise c ̸≡ d (mod pmax(i,j)), which implies that α ∧ β is unsatisfiable.

In other words, for any a ∈ N the set of congruences Cq(a) = {α ∈ Cq | α(a)} satisfied
under x = a is linearly ordered by implication. Such a subset of consistent congruences can
be specified by its minimal element, or Cq(a) = ∅. Therefore, the number of ≈x

q -classes is
bounded by |Cq| + 1. ◀

▶ Corollary 17. The modular index of Φ is a lower bound on the size of any monadic
decomposition of Φ.

From Corollary 17 we obtain an alternative proof of Theorem 2. Consider the formula
Φ = (x ≡ y (mod pk)) for a prime p. Then the pk-index of Φ with respect to x is pk.
Therefore, any monadic decomposition of Φ has size Ω(pk).

6.3 Upper bound
Finally, we complement the lower bound with a matching upper bound.

▶ Theorem 18. Let Φ be a monadically decomposable quantifier-free formula. Then Φ has a
monadic decomposition of size polynomial in |Φ| and its modular index.

Fix a monadically decomposable formula Φ, a threshold B and a period M = lcm(mod(Φ)).
By Theorem 11 we can assume that Φ is weakly monadic. We also assume that B ≥ ∥Φ∥.
Let Q be the set of maximal prime powers that divide M . We assume each modulus in
Φ divides a prime power in Q, by replacing each congruence by a system of congruences
modulo prime powers. The proof idea of Theorem 18 is to determine, for each variable x,
the ∼x

q -class for every q ∈ Q, and to define a representative of the class in CRR. This allow
us to evaluate every congruence in Φ.

First, let us observe that knowing the ∼x
q -class of an element for all prime powers q

already determines its ∼x-class, if the element is larger than B.

▶ Lemma 19. If u, v ≥ B and u ∼x
q v for all maximal prime powers q dividing M , then

u ∼x v.

Proof. Let M = q1 · · · qk be the factorization into maximal prime powers qi. We define
inductively numbers a0, a1, . . . , ak ≥ B with the property that for all i ∈ [0, k] and j ∈ [1, k]
we have

u ∼x
qj
ai (5)

v ∼x ai (6)
u ≡ ai (mod q1 · · · qi) (7)

We start with a0
def= v, which satisfies (5) by assumption, and (6) and (7) trivially. If ai−1 is

already defined, we choose ai ≥ B such that u ≡ ai (mod qi) and ai−1 ≡ ai (mod M/qi),
which exists since qi and M/qi are co-prime. Let us verify that ai satisfies the three conditions.
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Condition (7) is satisfied because u ≡ ai−1 (mod q1 · · · qi−1) by induction hypothesis
and ai−1 ≡ ai (mod q1 · · · qi−1) by choice of ai. For condition (5), we distinguish whether
j = i or j ̸= i. Clearly, u ∼x

qi
ai since u and ai are congruent modulo qi, and ∼x

qi
refines

congruence modulo qi. Moreover, since ai−1 and ai are congruent modulo qj , for all j ̸= i

we have ai ∼x
qj
ai−1 ∼x

qj
u. Finally, for condition (6), we show that ai−1 ∼x ai. We use the

definition of ai−1 ∼x
qi
ai: Since ai−1, ai ≥ B and ai−1 ≡ ai (mod M/qi), we get ai−1 ∼x ai.

To conclude, the number ak ≥ B satisfies v ∼x ak, and u ≡ ak (mod M). By
the Threshold lemma we obtain u ∼x v. ◀

For each variable x and q ∈ Q define πx
q : N → [0, q − 1] to be any function that maps

each number to a unique representative from its class, i.e., πx(a) ∼x
q a and a1 ∼x

q a2 implies
πx

q (a1) = πx
q (a2). Since every ∼x

q -class is a union of residue classes modulo q, such a function
must exist. We show that the CRR of πx

q (x) can be defined by small formulas.

▶ Lemma 20. Each bit in the CRR of πx
q (x) is definable by a Presburger formula of

polynomial size.

Proof. For r ∈ N obtain the formula Φr from Φ by substituting x = r in any congruence
whose modulus does not divide q. We call a pair (r, b) ∈ [0,M/q − 1] × Nn−1 a hint that
u ̸∼x

q v if Φr(u, b) ⇎ Φr(v, b). In fact, any inequivalence u ̸∼x
q v is witnessed by a hint,

since by definition there exist u′, v′ ≥ B and b ∈ Nn−1 satisfying u′ ≡ v′ (mod M/q),
u′ ≡ u (mod q), v′ ≡ v (mod q) and Φ(u′, b) ̸= Φ(v′, b). Choosing r def= u′ mod M/q, yields
Φr(u, b) = Φ(u′, b) and Φr(v, b) = Φ(v′, b), and therefore Φr(u, b) ̸= Φr(v, b).

Now, let s be the q-index of Φ with respect to variable x, and let a1, . . . , as be the
representatives of the ∼x

q -classes of Φ. Let H be a set of
(

s
2
)

hints for all pairs ai ̸= aj ; in
fact, only s− 1 hints suffice, see [22]. Then, the ∼x

q -class of a number a ≥ B is determined
by the sequence of bits (Φr(a, b))(r,b)∈H . Given these input bits, one can compute each
bit in the CRR representation of πx

q (a) in a hardcoded fashion by a DNF of size O(s2).
Note that, even though b contains unrestricted natural numbers, we only hardcode them
in monadic inequalities or in congruences. This prevents any blowup when writing down
formulas Φr(x, b). ◀

We are now ready to prove Theorem 18. We naturally combine the functions πx
q for

all variables x into a single function πq which take vectors a ∈ Nn as inputs. For every
congruence atom α in Φ whose modulus q′ divides q ∈ Q, we build a monadic formula α∗ of
polynomial size such that

α∗(a) ⇔ α(πq(a)) for all a ∈ Nn, (8)

by combining Lemma 20 and the Boolean circuit from Lemma 9. Let Φ∗ be obtained from Φ
by replacing each congruence atom α by α∗, which has clearly polynomial size.

▶ Lemma 21. Φ∗ is equivalent to Φ.

Proof. Let πx : N → [0, B +M − 1] be the unique function with
If a < B then πx(a) = a.
If a ≥ B then πx(a) ∈ [B,B +M − 1] satisfies πx(a) ≡ πx

q (a) (mod q) for all q ∈ Q.
The system of congruences in the second point has a solution by the Chinese remainder
theorem, since all moduli q ∈ Q are co-prime. Moreover there exists a unique one in the
interval [B,B +M − 1] of length M = lcm(Q), confirming that πx is well-defined. Let π be
the function on Nn obtained by combining all πx for variables x.
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Let a ∈ Nn. From (8) we obtain

α∗(a) ⇔ α(π(a)), for every congruence atom α (9)

Intuitively, π(a) can be seen as a simplified version of x, on which we can evaluate atomic
formulas efficiently using only monadic formulas, as described in α∗. Additionally, we will
see in the following that π(a) and a have the same truth value under Φ.

First, observe that Φ∗(a) ⇔ Φ(π(a)): This holds for congruence atoms by (9). The other
atoms are inequality atoms, comparing single variables to constants smaller than B (recall
our assumption that B ≥ ∥Φ∥). By the first point in the definition of πx, these inequalities
are preserved under πx. The property naturally carries across all subformulas of Φ and
yields Φ∗(a) ⇔ Φ(π(a)). For any a ∈ N, q ∈ Q, and any variable x, we have a ∼x

q π
x
q (a) by

construction, and πx
q (a) ∼x

q π
x(a) by the second point in the definition of πx, as congruence

modulo q refines ∼x
q . Therefore, a ∼x

q π
x(a). By Lemma 19, we obtain a ∼x πx(a), yielding

Φ(a) ⇔ Φ(π(a)) by definition of ∼x. ◀

Let us comment on why the constructions in this section can likely not be performed
efficiently. A straightforward reduction from SAT shows that the modular index cannot be
computed in polynomial-time, unless P = NP. The first step of our construction is already to
decompose each congruence, by factorizing its modulus into its prime power divisors, which
is not known to be computable in deterministic polynomial-time. Then, Lemma 20 requires
computing a list of representatives and corresponding “hints”, which is at least as hard as
determining the modular index itself.

7 Future work

A generalization of monadic decomposition is called variadic decomposition: Given a formula
Φ(x) and a partition P of the variables x, can one rewrite Φ into a Boolean combination of
atomic formulas whose free variables are contained in a single partition class of P ? We would
like to investigate whether the obtained results can be generalized to variadic decompositions.

Another generalization is the problem of monadic separability: Given two quantifier-free
Presburger formulas φ,ψ, is there a monadic formula σ that separates φ from ψ, i.e., φ
implies σ, and ψ implies ¬σ. Observe that φ is monadically decomposable if and only if φ
and ¬φ are separable by a monadic formula. The decision problem is coNP-complete [8], but
not much is known on how to compute small separator formulas σ.

The decision problem of monadic decomposability has been studied for other logical
theories, including real linear arithmetic, Tarski arithmetic, the theory of equality logic with
uninterpreted functions (EUF), and over automatic structures. In all of these theories, the
question on how to efficiently compute small decompositions has not been investigated yet.
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A Missing proofs

▶ Lemma 22. For every monadic formula Φ there exists an equivalent normalized formula
of size O(|Φ|).

Proof. Clearly, every monadic inequality can be written as x ≤ a or a ≤ x for some constant
a ∈ N. Furthermore, by the Chinese remainder theorem we can decompose each congruence
atom λx ≡ a (mod m) into

λix ≡ ai (mod qi) for i ∈ {1, . . . , ℓ},

where m = q1 · · · qℓ is the factorization of m into pairwise co-prime prime powers qi, with
λi = λ mod qi and ai = a mod qi. Since each congruence λix ≡ ci (mod qi) has size O(log qi),
the congruence system has total size

∑ℓ
i=1 O(log qi) = O(ℓ+ logm) = O(|α|).

Now consider a monadic congruence λx ≡ a (mod pk) where λ, a ∈ [0, pk − 1], λ ̸= 0.
Write λ = pk1 ·µ and a = pk2 ·b with p ∤ µ, b and k1, k2 < k. Since µ and pk are coprime, µ has
an inverse in Z/pkZ. Write c = µ−1b, and the congruence can be rewritten as pk1 · x ≡ pk2 · c
(mod pk). Two cases:

If k1 > k2, then this congruence has no solution and can be replaced by ⊥.
Else the congruence is equivalent to x ≡ pk2−k1 · c (mod pk−k1)

This concludes the proof. ◀

▶ Lemma 8. The following function on CRR numbers is computable in NC1: Given tuples
a,λ ∈ Nn of arbitrary length and b ∈ N, compute

∑n
i=1 λiai + b.

Proof. We perform the computation modulo each prime p in parallel. It is known that
multiplication of two unary encoded numbers is in AC0, and that addition of multiple unary
encoded numbers is in TC0, see [5]. Furthermore, computing a mod p for two unary encoded
numbers a, p is in AC0. Therefore, we can compute λiai for all i ∈ [n] in parallel, then
compute the sum

∑n
i=1 λiai + b, and finally reduce the sum modulo p in TC0 ⊆ NC1. ◀
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▶ Lemma 23. Let Φ be a quantifier-free Presburger formula. If the index of Φ is finite then
there exists a monadic decomposition of size O(idx(Φ)n+1 · n · |Φ|).

Proof. For each x, let Rx be a set of ∼x-representatives, i.e. it contains one element from
each ∼x-class. Observe that Φ is equivalent to

∨
a∈R

n∧
i=1

(xi ∼xi ai). (10)

where R = {a ∈
∏

x Rx | Φ(a)}.
We claim that each equivalence class [a]∼x is definable by a formula of size O(|Φ| · |Rx|).

Recall that inequivalence a1 ̸∼x a2 is witnessed by the existence of a tuple b ∈ Nn−1 with
Φ(a1, b) ̸⇔ Φ(a2, b). Choose a set Sx such that, for any pair a1, a2 ∈ N with a1 ̸∼x a2 there
exists b ∈ Sx with Φ(a1, b) ̸⇔ Φ(a2, b). Clearly, we can find such a set with |Sx| ≤ |Rx|2;
in fact, a simple argument shows that |Sx| ≤ |Rx| − 1 can be ensured [22]. By evaluating
Φ(x, b) for all b ∈ Sx, we can thereby determine whether x ∼x a, using a formula of size
O(|Φ| · |Rx|).

To conclude, we can express Equation (10) by a monadic formula of size O(idx(Φ)n+1 ·
n · |Φ|) ◀
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