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—— Abstract

Stable graphs, or equivalently Littlestone classes, were characterized by existence of linear-sized
“good” sets, a kind of strongly homogeneous set, in work of Malliaris—Shelah and Malliaris—Moran.
We prove a parallel result for VC classes, showing these are characterized by existence of linear-sized
symmetric or asymmetric good pairs (which we define). We give several proofs, each drawing from
methods and results from different areas, and resulting in different kinds of bounds. We finish with a
few words on our learning theory motivation for these investigations and state some further research
directions.
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1 Introduction

The context of studying classes (X, H) as bigraphs has allowed for connections and applications
among areas including learning theory, model theory, and extremal graph theory.

Important work has been done for the class of graphs that have bounded VC dimension,
which are characterized by PAC learnability due to the Fundamental Theorem of Statistical
Learning [26]. In extremal combinatorics, VC classes have a regularity property stronger
than the one for the class of all graphs (see [13, 2, 18]).

Bigraphs with the property of k-edge stability correspond to Littlestone classes in learning
theory [6], which are moreover online learnable [3] and differentially private PAC learnable
[1]. In extremal combinatorics [20], the class of k-edge stable graphs has been proven to
satisfy a stronger regularity condition that the class of all graphs. The work in [19] has
found an application of the existing tools and techniques from learning theory into extremal
combinatorics, proving that Littlestone classes can be shown to have e-excellent sets of large
size, not only for ¢ < 1/2¢, where ¢ is the Littlestone dimension of the class, but for all
e € (0,1/2), by using regret bound methods from online learning,.

In the present work we are interested in the question of to what extent the strong results
on good sets and Littlestone classes can be extended to the larger set of structures which are
VC classes. Since the existence of linear-sized good sets characterized stability, there will
need to be a distinct definition for VC classes. We propose and study a partite analogue and
show that the existence of linear-sized symmetric good pairs, in the sense of Definition 13,
characterizes VC classes.

? Olga Medrano Malftin del Campo;.
37 icensed under Creative Commons License CC-BY 4.0
41st Annual Symposium on Logic in Computer Science (LICS 2026).
Editors: Claudia Faggian and Joost-Pieter Katoen; Article No. 72; pp. 72:1-72:22

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:omedranomdelc@uchicago.edu
https://sites.google.com/view/ommc-academic/home
https://orcid.org/0000-0003-3850-8662
https://doi.org/10.4230/LIPIcs.LICS.2026.72
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

72:2

Local Combinatorial Analogues for Bounded VC Dimension

We give three different proofs of the above. The first one is a combinatorial proof by
hand. The second one is a proof appealing to Haussler’s Packing Lemma [16]. The third one
is a proof based on an application of the VC Regularity Lemma [13, 2, 18]. For our hope
for applications in learning theory, there are different advantages to these proofs because
the algorithmic and computational costs of the respective combinatorial tools used can be
significant.

Prior and Related Work

The work done used the following existing results: the VC Regularity Lemma [13, 2, 18];
Haussler’s Packing Lemma [16]; the Stable Regularity Lemma [20]; the analysis of good and
excellent sets in Littlestone classes [19].

The search for better Ramsey type results in VC classes has a long history of work. In
particular, [23] recently established the Erdés-Hajnal property for VC classes. However,
other work on the linear scale does not necessarily relate to this.

Let us give a few remarks on our motivation for considering analogues of good sets, which
themselves can be considered as analogues of indiscernible sequences (Section 2 in [21]). Let
us also point to the work from [4], [9], and [8].

The reader may ask why we didn’t extend this analogue for Ramsey-type results (see [10]).
Both notions are needed and different, as can be seen in the work of Malliaris and Shelah for
the stable graph case [20]. In Section 3 of this paper, a regularity lemma is shown in which
pieces are indiscernible to some extent, and thus need to be much smaller in size. Despite
all the strong properties of this partition, the number of pieces grows with the number of
vertices in the graph. By weakening the notion to that of so-called good and excellent sets,
in Section 5, they recover a partition with linear-sized parts, which results in a partition of
uniformly bounded size, as is the case in Szemerédi’s Regularity Lemma [25]. The work here
lays groundwork for future investigations for similar tradeoffs in the VC case, following this
line of thought.

2 Paper Overview

Section 3 defines VC and Littlestone dimension, and defines good and antigood sets, provided
a parameter € € (0,1/2). Section 4 defines the main objects we study in their symmetric and
asymmetric versions, and states our main result, Theorem 15.

We will prove this theorem, or analogues of it, in several ways. Section 4.1 gives a
combinatorial proof, by hand. Section 9 compares Theorem 15 to the existing characterization
for Littlestone classes. Section 7 expands on a key example, the half graph. Then, Section 8
gives an alternative proof of Theorem 15 using Haussler’s Packing Lemma, and Section 9
gives another alternative proof, by using the VC (also known as ultra strong) Regularity
Lemma. Section 10 ends with some open questions.

3 Background

3.1 Notation

The following are some objects that we will work with in this paper:

» Definition 1. A hypothesis class (X, H), also denoted H, consists of a set of subsets of
the set X. We may several times identify each h € H with its characteristic function, which
for each a € h gives h(a) = 1, and for each a ¢ h gives h(a) = 0.
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» Definition 2. The bipartite graph G = (V1 U Vi, E) is given with a partition of the vertex
set, and with an edge set E C Vi x Vo which is neither symmetric nor irreflexive.

Eventhough the following definition is not used in the proofs in this paper, it is needed to
state Theorem 6.

» Definition 3. Given a hypothesis class H, we can regard it as a bipartite graph, or bigraph,

denoted Bip(X,H). Here:

1. X and H are the two sides of the vertex set partition, and an edge relation is given by
E :={(a,h) : h(a) =1}, and

2. Bip(X',H') can be defined by letting X' = H, H' = X, and E := {(h,a) : h(a) =1}

3. by letting H' = {{h € H: h(z) =1}: x € X}, we obtain the dual class (H', X').

3.2 Littlestone and VC dimensions

The following combinatorial structure was introduced by Littlestone [17].

» Definition 4 (Littlestone Mistake tree). A Littlestone mistake tree is a binary decision tree
whose nodes are x; € X, and whose branch edges are labeled respectively by y; € Y = {£1},
each node having its two outgoing edges with different labels. A hypothesis h € H realizes a
root-to-leaf path {(z;,y;)}&, when h(z;) = y; for every branch, and H shatters a tree when
every root-to-leaf path is realized by some h € H.

» Definition 5 (Littlestone dimension). The mazimum depth of a Littlestone mistake tree
that is shattered by H is defined as the Littlestone dimension of the hypothesis class, and
denoted by Ldim(H).

Another complexity measure we work with is VC dimension:

» Definition 6 (Vapnik—Chervonenkis (VC) dimension). We say that a class H shatters a set
{z;}7-1 C X if for every possible labeling {y;} € {0,1}" of the elements of X, there exists
some h € H such that h(xz;) = y; for all i € [n]. We then define the VC dimension, denoted
by VC(H), to be the supremum of the sizes of all finite sets in X shattered by H this way.

By using mistake trees, we can give an equivalent definition for VC dimension:

» Definition 7 (VC mistake tree). A VC mistake tree is a binary decision tree with nodes
x; € X and branching edges labeled by y; € {£1}, such that each node has two outgoing
branches with different labels, and such that for every level 0 < £ < d of the tree, the node
labels of all elements of X in level £ are the same. A hypothesis h € H realizes a root-to-leaf
path {(z;,y:)}L, when h(z;) = y; for every 1 <i < d, and a class H shatters a tree when
every root-to-leaf path is realized by some h € H.

» Definition 8 (Vapnik—Chervonenkis dimension). The mazimum depth of a VC mistake tree
with nodes from X that is shattered by H is defined as the VC' dimension of the hypothesis
class, VC(H).

3.3 Good sets

The notion of good and excellent sets from Malliaris and Shelah’s work [20] is key here. In
this paper, we will only focus on the notion of e-good sets.
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» Definition 9 (Good sets). Let G = (V, E) be a graph, and let € € (0,1/2). An e—good set
S C V is one such that for every verter v € V., one of the following holds:

(i) |N(v,S)| < €|S|; in this case, we denote t(v,S) =0, and v has a vote of 0 on S;

(ii) [N(v,S)| > (1 —¢€)|S|; in this case, we denote t(v,S) =1, and v has a vote of 1 on S.

Note that the property of being e-good is monotonic with respect to e: an e;—good set is
also ea—good, if €1 < €3. Indeed, for each v, [N (v, S)| < €1|S]| implies |N (v, S)| < €2]S|, and
|N(v,8)] > (1—€1)|S] implies |[N(v,S)| > (1 —€2)|S|. The implication from €; to ez remains
true if we quantify over all v € V.

3.4 Anti-good sets

Given a set S and a parameter €, we introduce the notion of its antigood set Anti(S, €), which
denotes the set of vertices that prevent S C V from being e-good.

» Definition 10. Let S C V, and € € (0,1/2). Its antigood set, Anti(S,€), is defined as
follows

Anti(S,e) :={v eV : €S| < |N(v,S)| < (1—¢)|S|}

Note, that if a set S C V' is e-good, then Anti(S,€) = &. Allowing for the antigood set to
be nonempty, but requiring it to be small, we can still get relevant information, as will be
elaborated below.

The following definition will be helpful later on. It distinguishes between the elements in
Anti(S,e) and V' \ Anti(S, €) in terms of how they partition the set S.

» Definition 11. Let € € (0,1/2) be a parameter, S CV be a vertex set, and v € V. We say
that v partitions S

(a) in an e-balanced way, if |[N(v,S)|/|S| € [e,1 — €]; and

(b) in an e-unbalanced way, if |N (v, S)|/|S] € [0,€) U (1 — €, 1].

4  Contributions of this work

4.1 Characterization of classes of bounded V C dimension

We found a property equivalent to being of bounded VC dimension, and called this property
(c1, c2,€)-good sampling. Before defining it, we state two preliminary notions of having a
pair of sets be e-good. This could happen symmetrically or not.

» Definition 12. [Asymmetric e-goodness] Let G = (V, E) be a graph, A, B CV be subsets
of nodes in this graph, and € € (0,1/2). We say that A is e-good for B if for every b € B,
the following holds:

[{a € A: (b,a) € E}|
4]

€[0,e) U (1 —e1].

» Definition 13. /Symmetric e-goodness| Let G = (V, E) be a graph, A, B C V be subsets of
nodes in this graph, and € € (0,1/2). We say that A and B form a symmetric e-good pair of
sets if A is e-good for B and B is e-good for A.
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These definitions are different a priori. The relevance of this difference will become clearer
in this section and Section 4.1.

Note that Definitions 12 and 13 differ: there exist pairs A and B of sets which are e-good,
only in the asymmetric sense. Consider, for example, the bipartite graph with V = AU B,
where half of B is connected to all of A, whereas the other half is not connected to all of A,
as Figure 1 below shows. Then, A is e-good for B, but B is not e-good for A, for any choice
of parameter € € (0,1/2).

Figure 1 An example of a pair that is e-good only in the asymmetric sense.

Motivated by the above, we give the following definition:

» Definition 14. We say that a pair (X, H) has (c1, ca, €)-good sampling if, for every A C X
and B C H, there exist A" C A and B’ C B such that (A’, B') form a symmetric e-good pair,
and

|[A'| > c1|A| and  |B'| > c|B].

The following is the main contribution of this work, and states that the property of
(c1, c2, €)-good sampling is characteristic in the classes that have bounded VC dimension:

» Theorem 15. Let H C {0,1} be a hypothesis class. The following are equivalent:

(a) VC(H) =d < oo;

(b) for every e € (0,1/2) there exist constants c1,ca such that (X,H) has (c1,ca,€)-good
sampling;

(c) there exists eg € (0,1/2) and constants ci,ca such that (X,H) has (c1,c2, €)-good
sampling.

As a remark, it will follow from the proof in Section 5 for Theorem 15 that there is a basic

lower bound for each of the constants: ¢; > ¢/29%! and ¢y > 1/24+1,
An example where we have the property of (c1, ¢z, €)-good sampling is the half graph,

whose VC dimension is 1. This example is discussed more in depth in Section 7.

4.2 Existence of sets with small antigood sets

In the previous subsection, Theorem 15 shows that classes of bounded VC dimension have the
property of (c1, ¢, €)-good sampling, which in words means there exist linear-sized symmetric
e-good pairs. This subsection studies a reinterpretation of this characterization, using the
language of antigood sets introduced earlier.

Indeed, an immediate corollary of Theorem 15 states that given a VC class and a parameter
€ > 0, it is possible to find a set with lower bounded size, with an antigood set whose size is
upper bounded:

» Corollary 16. Let H be a hypothesis class with VC dimension d. Then, there exists a value
€0 € (0,1/2) such that (X, H) has (c1,c2, €0)-good sampling.

That is, for every A C X and B C H, there exist subsets A’ C A, B’ C B of sizes at least
c1|A| and ca|B| respectively, such that (A', B') is a symmetric ey-good pair, or equivalently:

[Anti(A’ eq)| = |B| — |B'| < |B] - (1 = c2).

72:5
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5 Proof of Theorem 15

First we will show that bounded VC dimension implies the existence of asymmetric e-good
pairs:

» Lemma 17. If VC(H) < d < oo then for every e € (0,1/2) there exist constants c; := e?
and cg 1= 2% such that for every two finite sets A CH and B C X, there exist A’ C A and
B’ C B with |A’| > ¢1|A| and |B'| > ¢2|B|, such that A’ is e-good to B’.

Proof. We can construct a VC mistake tree in the following way. We begin with Ay := A at
level 0. If there is some by € B that partitions Ay into Ag U Ay in an e-balanced way, then
we place Ag and A; at level 1.

Consider level ¢, with the nodes in it being a partition of Ag into (J;coe Ai, with £ € Nx.
Constructing level ¢ 4+ 1 would require finding b, € B such that b, partitions every A; in an
e-balanced way, into A;~g := {a € 4, : a(b;) = 0} and A;~ :={a € A4, : a(b;) = 1}. If all
the sets A; for i € 2¢ are nonempty, the VC tree can be obtained by extracting one a; € A;
for i € Uy<,<r 2™ This collection of hypotheses that shatter the set {b, : 0 <k < ¢ —1}
would witness that VC(H) > ¢, a contradiction.

The upper bound VC(H) < d implies that this VC tree construction can go only as far
as d levels or less. Thus, for some ¢y < d, no b € B partitions simultaneously all parts in
that level in a balanced way. Then, for every b € B, there exists at least one A; with i € 2%
that is partitioned in an e-unbalanced way by b.

By Pigeonhole Principle, at least a fraction of 1/2% > 1/2¢ = ¢; of the elements b of B
partition the same part A4;, in an e-unbalanced way; define such set B’ and define A;, = A’.
We have that |B| > co| B|, with co = 1/2%, and that |A’| > €| A| > €?|A| = ca|A|. Moreover,
A’ is e-good to B’, since this set is partitioned in an e-unbalanced way by each b € B':
V()N A
|A']

With the lemma above, we could find an asymmetric e-good pair, which is not symmetric
a priori. Applying the following lemma will allow us to extract a symmetric e-good pair from
it.

» Lemma 18. Let 0 < e < 1/4 and let A, B C V be such that A is e-good to B. Then, there
exist A C A and B’ C B such that (A’, B') is a symmetric 2e-good pair and |A’| > |A|/2,
and |B’| > |B|/2.

Proof. Since A is e-good to B, we can write B = By U By, where B; := {b € B : t(b, A) = i}.
We have two cases, depending on which of the two subsets is larger.

If |Bg| > |B1], set B’ := By. Each vertex in B’ has less than €| A| neighbors in A, and
edges are symmetric, thus

e(A,B') =e(B',A) < |B'| - ¢|Al.

Vb e B, €[0,e) U (1 —e1]. <

Let A= A" UAT, where A" :={a € A:|N(a) N B'| > 2¢|B’|} and A~ := A\ A*. The
left-hand side is bounded:

e(A, B) = e(A*, B) +¢(A™, B') = |A*| - 2B + |A7|-0

And thus, €|A|- |B’| > 2¢|A*|-|B’|, which finally implies |A| > |AT|, and that [A~| > $|A|.
If we define A" := A~ then (A’, B) = (A7, By) is a symmetric 2¢e-good pair. Indeed, every
a € A~ has at most 2¢|A’| neighbors in By, and moreover, every b € By satisfies the following;:

IN(B) N A™| = [N(b) N A] — [N(b) N A+| < e|A] < 2¢|A™.
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If |B;1| > |By|, we set B’ := B;. Every vertex in B’ has more than (1 — €)|A| neighbors
in A. Since edges are symmetric:

e(A,B') =¢e(B',A) > |B'| - (1 —€)|Al.
If we now let A = A~ U AT, where A~ := {a € A : |[N(a) N B'| < (1 — 2¢)|B’'|} and
AT := A\ A, we then get the bound:

e(A,B') = e(A™, B) + e(A", B') < |A7[- (1 - 2¢)|B'| + |AT| - |B|
Joining and simplifying the above two inequalities:

(1—e)A[-|B'] < e(A,B) < |[A7[-(1-2¢)|B'| +|AT|-|B|

= (1-¢)|4] < (1-2¢)|A7[+]AT],
implying that |[AT| > |A|/2 > |A™|. Then, the pair (4’, B') = (A", By) is symmetric 2e-good:
every a € AT has at least (1 — 2¢)|B’| neighbors in B’, and every b € B’ satisfies

INB) NAT| = |NOB) NAl —|NDB)NAT| < €A < 2¢AT|

= INb)NAT| = |[AT| = IN(B)° N AT] > (1—2¢)|AT.

In either case, we obtained two subsets A’ C A and B’ C B of size at least half that
of the original sets in the pair, that are symmetric 2e-good. Note, 2e € (0,1/2) as long as
e € (0,1/4). <

Now we have all that we need in order to extract symmetric good pairs in the case that
our hypothesis class is of finite VC dimension:

» Corollary 19. If VC(H) < d < oo then for every 0 < € < 1/2 there exist constants
cl = ed/2d+1, and ¢y = 1/2d+1 such that for every two finite sets A C H and B C X,
there exist A C A and B’ C B with |A'| > ¢1]A| and |B’| > c2|B|, such that (A’,B’) is a
symmetric €-good pair.

Proof. By Lemma 17, but with parameter ¢/2 > 0, we obtain sets A”, B” such that A” is
(e/2)-good to B, with sizes at least

€\ 4 1
A= (5) 14l 1B = 5Bl

Then, by Lemma 18 there exist sets A’ C A” and B’ C B”, such that (A’, B') is a symmetric
e-good pair (since we have 2 - (¢/2) = €), and such that

1
9d+1

o
|ZW|

1 1
A 2 5la Al 1B 2 1B > Bl 4

For further discussion on the comparative performance of the bounds obtained in Corol-
lary 19 and those in further sections, please see Appendix C.

The next part of our characterization of bounded VC dimension will be to show that
large VC dimension implies that there is no (c1, co, €)-good sampling. We will first show that
this happens in the case of infinite VC dimension.

» Lemma 20. If VC(H) = oo, then for any € € (0,1/2), and for every constant values
c1,co > 0 there exist two sets A C X and B C H such that any A’ C A and B’ C B of sizes
at least:

Al Ze1lAl and  |B'| 2 2| B,

will not form an e-good pair. That is, a large subset A’ cannot be e-good to a large subset B’.

72:7
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Proof. Let d € N. Since VC(H) > d, there exist sets A C X and B C H, of sizes d and 29,
respectively, such that every subset of A is realized as a neighborhood of an element in B.
We want to show the property stated above, namely that no sufficiently large subsets A’ and
B’ can form an e-good pair.

For the sake of contradiction, suppose there exists such pair (A’, B’). Then, for any
subset of A’ of size k' > ¢1|A|, every element of B’ must connect to any number of elements
on A’ that lies in the range [0, ek") U (K'(1 — €), k’]. Thus,

v d—FK 4 K d—Fk' & K d—k'
Bl < . 9d— L9d—k < . .9d—
e () e ¥ () e ()
5=0 =Tk (1-€)] =0
We now argue that |B’|/|B| = o(1) as k — oo:

L T
< . 9=k _ 9l=k" |
Pk () 2 Z()

s=0

Since € € (0,1/2), the above partial sum of binomial coefficients is upper bounded by
2H(ek’/k/).k’ _ ZH(e)-k”

where H is the binary entropy function (see e.g., [11]), defined as the entropy of a Bernoulli
random trial with probabilities {p,1 — p}:

0 p=0,1
H(p) :=
—plogy(p) — (1 —p)logy(1 —p) pe(0,1)
We then have

1B'| _ o1k H(e)
B <y 6 1)
Bl

We have that k¥’ — oo as d — o0, since k' > ¢; - d. Moreover, H(e) < 1 because ¢ < 1/2.

Thus, the exponent in Equation 1 goes to —oo as k' — oo, and so |B’|/|B| goes to zero. This
would contradict that |B’| > ¢3|B| for any value ¢ that is constant with respect to d. <«

The following presents a finite version of the above conclusion.

» Lemma 21. For every e € (0,1/2), for all constants c1,co > 0, and for every sufficiently
large d € N, there exists a class H such that VC(H) = d, with the property that any two sets
AC X and B C H and any two subsets A’ C A and B’ C B with

A|zeld] and B> clB]
cannot form an e-good pair (A’, B"), not even in the asymmetric sense.

Proof. Having VC(H) = d gives two sets A C X and B C H of sizes d and 2% respectively,
B realizing at least once every subset of A. In analogy to the work done above, a counting
argument gives that the following bound must hold if the pair (A’, B’) is (asymmetric) e-good:

ey < B o graw (o-1)

=B =
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Since H(e) < 1 and k' > ¢y - | B| = ¢2 - 2%, then for sufficiently large d we have that the bound
doesn’t hold, or equivalently, the following is not true for all d € N.

logy(ca/2) < K - (H(e) = 1) < d- (H(e) — 1)

log(2/c2)
1—7[’[(6) > d. |

We can now complete the proof of Theorem 15, as follows:

Proof of Theorem 15. The implication (a) = (b) is given in the statement of Lemma 17.

The implication (b) = (c) only consists of the specification of the parameter €y, and finding the

constants ¢, co corresponding to that €y that give the property of (c1, co, €0)-good sampling.

Finally, the implication (¢) = (a) is precisely the contrapositive of Lemma 21. <

6 Comparison with Littlestone characterization

Let us restate in the language of this paper an existing characterization of Littlestone classes,
from Claim 2.11 in the work of [19]. First we define an important object that appears both
in this characterization and in Section 7.

» Definition 22. The k-half graph Hj, is given by two disjoint sets of vertices {ai,...,a},
{b1,...,bi} so that

(ai,bj) ek Zfl < j and (ai7bj) gE ’Lf] > 1.

In a bigraph G, we say that it contains a k-half graph if there exist a pair of sets of vertices
on each part of the vertex set partition, that follows the above configuration. Also, G is called
k-edge stable, if it does not contain k-half graphs.

Above, note that not all edges or nonedges are specified between the pair of sets of vertices;
therefore, the property of being k-edge stable forbids a family of configurations ocurring in
G, rather than a single one.

Having defined the k-half graph and k-edge stability, we state the following:

» Theorem 23 ([19, Claim 2.11]). Consider a hypothesis class (X,H). The following

properties are equivalent:

(a) For all e € (0,1/2), there is a constant c(e) such that every finite A C H has B C A,
with |B| > c|A|, that is e-good.

(b) For some € < 1/2 and some constant ¢ > 0, every finite A C H has B C A such that
|B| > c|Al, that is e-good.

(c) Ldim(H) < oo; or, H is a Littlestone class.

(d) The bigraph (X, H) is k-edge stable for some finite k > 0.

(e) The bigraph Bip(H, X) is L-edge stable for some finite £ > 0.

(f) The dual class (H,X) has finite Littlestone dimension.

(g) For all e < 1/2, there is a constant c(€) such that every finite A C X has B C A, such
that |B| > c|A|, that is e-good.

(h) For some € < 1/2 and some constant ¢ > 0, every finite A C X has B C A such that
|B| > c|Al, that is e-good.

Thus, Theorem 15 provides a characterization similar to some of the equivalent conditions in

the cited result above. The properties in Theorem 15 are weaker, since there exist hypothesis

classes H where VC(#) is bounded and Ldim(#) is not.
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7 Analysis of the half graph

To further explore the distinction between Theorem 15 and Theorem 6, we consider the
important basic example of the half graph, which has bounded VC dimension. Further
discussion on the half graph and a few other examples of hypothesis classes of bounded VC
dimension can be found in Appendix B.2.

7.1 Countable half graph

We begin with the following definition, which is the countable version of Definition 22:

» Definition 24. The half graph H,, of countable size is given by two disjoint sets {a; : i < w},
{b; 1 i < w} so that

(ai,b;) € Eifi < j and (a;,b;) € E ifi > j.

Note that the VC dimension of H, is 1, and its Littlestone dimension is infinite. The
observations we show still hold true if we just work with a finite k-half graph, which we
denote Hy. Its VC dimension is 1 and its Littlestone dimension is [log(k)].

7.2 Good sampling

The property of good sampling (cf. Definition 14) holds, as a corollary of Theorem 15.

» Example 25. The half graph #H,, has (¢, ¢o, €)-good sampling for any € € (0,1/2), where
c¢1 =¢/4 and ¢ = 1/4.

Proof. Consider any two finite sets A C X and B C H. Either (A, B) form an asymmetric
(¢/2)-good pair and we are done, or there exists by € B which partitions A = Ag U Ay
into vertices that connect and don’t connect to it, and such that |4g| > (¢/2) - |A| and
[Ax] = (¢/2) - |Al.

In the second case, the structure of H, implies that all vertices in Ag must have a
smaller index than those of A;. Hence, there does not exist a second element hy of B
that simultaneously induces a balanced partition in both Ag and A;. Then, by Pigeonhole
Principle, there is a set B’ C B of size at least |B|/2 with defined true value towards the
same A;; let us take that set to be Ag, without loss of generality. Then, (Ag, B’) forms
an asymmetric (€/2)-good pair such that Ay is (¢/2)-good to B’, |Ag| > (¢/2)|4|, and
|B'| = [Bl/2.

Then, using the symmetrization argument from Lemma 18, we can extract two subsets
A" C Ay and B” C B’ such that (A”, B”) is symmetric e-good, |A”| > |Ag|/2 > €|A|/4, and
|B"| > |B|/4. P

7.3 Interaction of B, €, and |Anti(B, ¢€)|

Next, we see that, given (A, B) a pair of finite subsets of X and H, it is possible to have
small subsets of B which have both small and large antigood sets in A, depending on the
choice of € and the sparsity of B.

One general observation is that there is a tradeoff between the value of € and the size of
antigood set of a set B of given size |B|. In particular, we consider the nested sequence of
antigood sets determined by the following choices of parameters ¢;, for i = 0,..., [|B|/2]:
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[1B|/2]-1 I |B| ) |B\ )

[11Bl/2] 1
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In particular, Anti(B, €[1B| /ﬂ) = & since no vertex can give an €[ g|/21-unbalanced partition
of a set of size |B).
The following gives an expression for the size of the antigood set of any subset of Hy:

» Proposition 26. Let (X,H) be a class forming the bipartite half graph H,. Let B C H
defined as B = {huy,...,ha}, where m and M are the smallest and largest indexes. If
0<e<1/|B|, then

Anti(B,e) ={ax; : m<i< M -1} CA, and |Anti(B,e)| =M —m.
In particular, we can let B be so that the size of the antigood set is large, i.e., M —m = O(n)

yet |B] = o(n), by letting such set be sparse. We can also let B so that the size of the antigood
set is small, i.e., M —m = |B|.

Proof. Any vertex set whose neighborhood is a proper subset of B is in the antigood set.

By the half graph’s structure, such set will contain precisely the vertices x;, where the index
i is at least m, and at most M — 1. |

» Example 27. Let A = {z1,...,z15}, B = {h3, ha, hs, hg, h7}, and € € (0,1/5). In this case,
Anti(B,€) = {x3, x4, 75,26}, which is the smallest possible nonzero size that the antigood
set of a set in B of size 5 can have here.

If instead we had chosen B = {x1, x5, x6,x11, 215} and let € € (0,1/5), then Anti(B,€) =
{z1,..., 214}, which is the largest possible size that the antigood set of a set in B can have.

A constructive proof of the existence of the e-good symmetric pair (A, B') can be found in
Appendix B.1.

One of the observations about the example above is that sparse sets have large antigood
sets. In the following, we will show a stronger property than the existence of sets with large
antigood sets. Moreover, it becomes highly likely that a subset of X in a half graph will have
a large antigood set, due to its sparseness.

» Proposition 28. Let ¢ > 0 and consider the half graph (X, H,,). There exists M = M(e) =
O(1/€?) such that the following holds. Let H C H,, be a subset of size at least M, sampled
with respect to the uniform probability distribution D over [n]. With high probability of at
least (1 —€), H has a large antigood set, and more concretely:

Prypm|[|Anti(H,e)| >n —2en] > 1 —e.

72:11

LICS 2026



72:12

Local Combinatorial Analogues for Bounded VC Dimension

Proof. Consider the set system S = {S1,...,5|1/¢} on the ground set [n], where each set
S; is one of |1/€| nearly equally sized parts S; := {s;—1 + 1,...,s;}, where the values s; are
given by:
so=0,and foralli > 1, s; =s;-1 + hln/JJ + 1 <n mod |1/e]].
€

Since VC(S) = 1, the Fundamental Theorem of Statistical Learning (see Appendix A.2)
implies that this set system has the uniform convergence property. Namely, for any € > 0,
there exists M = M(e) = O(d/e?) (which is O(1/€?) since d = 1), such that:

Pry. pm sup  |pg(S;) —u(S)| <e| >1—c¢,

i=1,...,n/e

where p g is the empirical counting measure on [n] and p is the counting measure on [n]. In
particular, the above implies that for all ¢ =1,...,|1/¢], it must happen that H N .S; # @.
Otherwise:

_|HN S en
. n

i (S;) =0 whereas p(S;) = =6

a contradiction. In particular, H NS # @ and H N S|y, # &, and by Proposition 26,
|Anti(H, €)| > (n — [ne]) — [ne] > n — 2en. <

In particular, in examples where the graph has finite VC dimension and infinite Littlestone
dimension, it is possible to find a large half graph, in which many instances of sets with large
antigood sets can be found, as Proposition 28 shows.

8 Comparison with proof via Haussler Packing

In this section we present an alternative way which allows us to find a large set with a small
antigood set by applying directly Haussler’s Packing Lemma [16]. We compare the outcome
of this method if applied in a setup with the same initial conditions. Please see the cited
results and lemmas in Appendix A.3.

In the setting we work on, we are given A C X and B C H finite sets, and VC(#H) = d. Our
goal for this section will be to show that a lower bounded sized portion of the elements in B
lies within some ball of radius d, which then has a small antigood set. In order to do so, we
can apply the following implication of Haussler’s Packing Lemma:

» Lemma 29. If (A, B) is a finite pair in (X, H) whose VC dimension is d, then there exists
some element b € B whose §-neighborhood Bs(b) is of size at least |B| - (e(d+1))~1 - (5/2e)4.

Proof. Let a set C' be constructed by adding elements of B to it so that the elements
added so far are always pairwise d-separated. By Haussler’s Packing Lemma, this process
must stop after no more than e(d + 1) - (2¢/6)? many steps. After doing this, no elements
can be added, hence any other element in B has to be J-close to at least one of the
elements one element of C. By Pigeonhole Principle, at least |B|/ (e(d+ 1) - (2¢/6)%) =
1B| - (e(d+1))"" - (5/2¢)* elements of B are é-close to the same element b € B. Thus,
|Bs(b)| = |B| - (e(d+1))7" - (6/2¢). <

» Proposition 30. For any two hi,he in Bs(hg) C H, the distance between these two
functions is d(hy, hs) less than 26.
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Proof. This fact is a direct application of the triangle inequality for the error distance:

Sp, AS Sp, AS ShoAS
d(hy, hy) = | h1|X\ nal | h1|X| hol | h(iX\ hal 544 <

» Proposition 31. Let e € (0,1/2), and let B = B.(ho) be any §-ball centered at a hypothesis
ho. Then the size of the set Anti(B,€) is no larger than:

C(1B-1 ¢
. A Al S
mm{ Al 1A

Note that |A] is always larger than the antigood set’s size: this statement is always true
regardless of the choice of 6 > 0. As we will see later, certain particular choices of 0 will be
so that |A| is significantly larger than |Anti(B,€)|.

Proof. In this proof, we will double count the size of the following set of triples
T := {(hl,hQ,ﬂS‘) € BxBxA : hl(l’) 7é hQ(lL’)}

Consider any x € Anti(B,e) C A. Since this element is in the antigood set, the size of both
its neighborhood and its complement in B is between €|B| and (1 — ¢)|B|. Since the function
2(1 — z) is decreasing with respect to |x — 0.5], we have that:

[{(h1,ha) € Bx B : hi(x) # ha(x)}| > 2¢|B| - (1 — €)|B|.
If we add together over all elements x in the antigood set, we get
(T = e| B - (1 - | B| - |Anti(B,€)].

Now, consider any pair of distinct elements (hi, he) € B x B. By Proposition 30, any such
tuple is 26-close and therefore

Hx e A : hi(x) # ha(x)}] <254
If we add together over all the possible ordered pairs (h1, hs) in B X B, we get that
T <26-[A[]-|B]-(IB] - 1).

The above inequalities are lower and upper bounds for the same count for the size of the set
T. Threading the two together, and then simplifying, we obtain the claim, which is an upper
bound on the antigood set size. |

Note that the above upper bound is stronger than |A| only if § is not much larger than e. In
particular, § < 2¢ since we need:

Bl

. 2.
Bl—1 "

g<(1—6)

One implication of the work done above is that we can now reprove Corollary 19, now using
Proposition 31 and therefore obtaining distinct constant values. In particular, if we set
d = €/2, we get (€, c1,ca)-good sampling with:

0= ()=}
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The reader may wonder how this result compares with the bounds from Corollary 19. We
can point out in the case that § = 5, that even if the bound on the size of the antigood set
is better (or the symmetric good pair is larger in size):

Bl-1 1

Anti(B < .
|Anti(B, €)| < ] 500

4]

Still, the lower bound on the resulting set B = Bj(hg) is much smaller, as its size is lower
bounded only by |B| - (¢/60)<.

9 Comparison with proof via VC Regularity Lemma

Following up on the proof of Theorem 19, we can also find an alternative way to obtain good
pairs by usage of the VC Regularity Lemma [2, 18, 13]. The statement of this regularity
lemma can be found in Appendix A.1.

In this setting, we are again given A C X and B C H finite sets, and VC(#H) = d. We
can then directly use the equipartition obtained from applying this regularity lemma in order
to obtain the following bounds:

» Proposition 32. Consider a class (X, H) such that VC(H) = d, finite subsets A C X,
B CH, and a parameter € € (0,1/204). It is possible to find a symmetric (100%¢/99)-good
pair (A', B') of subsets of A and B, respectively, such that, for some m = O(1/e2¥+1):

A > (99 |A]/(100 - m),
(B = (99-B)/(100 - m).

Proof. Using the VC Regularity Lemma, let us take first an equipartition of the bigraph
(4, B) such that each of A, B are partitioned into m = m(e) nearly-equal sized parts, with
the bound m = O(1/€24*1), and such that all but at most € - m? of them are e-homogeneous,
i.e., they have edge density in [0,€) U (1 — ¢, 1]. In particular, let (A, B) be one of these
e-homogeneous pairs.

Without loss of generality, e(A, B) < €|A| - |B|. We define the sets

Sa:={a€ A:|N(a)n B| > 100¢ - |B[}, and

Spi={be B:|N(b)N Al > 100 |A]}.

For e(A, B) < €|A| - |B] to hold, it must be the case that |[S4| < |A|/100 and |Sp| < |B]|/100.
Defining A’ := A\ S4 and B’ = B\ Sg, we have that

99 99
Al > Al — d |B'Il>|Bl -
AN 2 (Al g5 and B2 1Bl 1o,

, , 100%¢ ,
— Va € A’ e(a,B’) <e(a,B) < 100¢ - |B| < 5 - |B'].

Similarly, for every b € B’, the number of edges from b to A’ is at most (100%¢/99) - | 4’|,
which implies that the pair (A’, B’) is symmetric (100%¢/99)-good (and thus, 102¢-good, with
102¢ € (0,1/2)). This finishes the proof. <

Let us put into perspective the bounds on the size of the symmetric pair obtained from
Proposition 32 with those of the pair we previously obtained. Since the number of parts was
m = O(1/€24+1), then the |A’| > (99-]|A])/(100m) = Q(|A]-€?¢+1) (and |B'| = Q(|B|-€?4+1)).
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This gives a worse bound at least in the sense, that the constant values ¢; = ¢?/29+! and
cy = 1/2%*1 from Theorem 15 result in the existence of a pair with a higher lower bound in
size.

The following is one more application of the VC Regularity Lemma towards showing the
existence of good pairs or sets with bounded antigood sets in VC classes:

» Corollary 33. Let n > 0 be a positive integer, and € > 0 be a positive real such that
e < 1/n. If k € N, then there exists a constant ¢ = c(k) such that: for every class (X, H)
with VC(H) = d < oo and every finite subsets A CH and B C X, there is some set A’ C A
of size |A’| > c=1 - |A| - €291 such that

2
|Anti(A’,en) N B| < |B| - e

Proof. By the VC Regularity Lemma, there exists a near equipartition of each of A and B
into m < ¢ - (1/€)??+! parts, for some constant ¢ = ¢(d), such that all but at most € - m? of

) S,
1€[m] M
and that B is partitioned as | icim) T;. By Pigeonhole Principle, at least one of the resulting

the pairs of parts obtained are e-homogeneous. Suppose that A is partitioned as | J

parts, say A’ := S; without loss of generality, doesn’t form an e-homogeneous pair with
< €-m pairs, which must be among the T}.

For those T; such that (A’,Tj) is e-homogeneous, either e(A’,T;) < € - |Tj] - |4'|, or
ne(A’,T;) < €- |Tj| - |A'| (here, ne stands for non-edges). In the first case, there are
less than |T}|/n vertices v € T such that e(v,A’) > en|A’|. In the second case, there
are less than |T}|/n vertices v € T; such that ne(v, A’) > ne|A’|. In either case, then,
|[Anti(A’, en) N T}| < |T;|/n.

We can get the following upper bound by aggregating:

m—1

|Anti(A’, en)| = > [Anti(A’, en) N T

i=1

< Y Il >, 175

n
i:(Tj,A’) e-hom. i:(T;,A’)not e-hom.

|B| 1
< =2 _=). ,
< (1o > 751
i:(Tj,A’)not e-hom.
= |B|(e —€/n+1/n)
By the condition on €, the above is less than |B| - (2/n). <

The above shows that for finite bigraphs (A, B) embedded in a class of bounded VC dimension,
there exists a large set A" C A such that |Anti(A’, en)| < 2|B|/n. Namely, its antigood set
with error parameter ne, has an upper bounded size.

It remains to explore how large |Anti(A’, en)| is. In fact, the upper bound for the ratio is
not small a priori, especially if € is close to zero.

|[Anti(A’, ne)| < |B|-2/n 2¢

|B| - |B‘ e~ 1. 62d-|—1 - n - €2d-|—1 '

The above uses of the VC Regularity Lemma suggest that it is worth clarifying the interactions
between the pair property of being e-homogeneous and that of being symmetric e-good.
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10 Concluding remarks

This work provides a characterization of classes with bounded VC dimension. A few open

questions include:

1.
2.

What results can be shown in the case that we work with graphs, instead of bigraphs?
How does the existence of e-good pairs interact with learning theoretical questions and
existing results? In particular, part of the Fundamental Theorem of Statistical Learning
may have interactions with this characteristic of VC classes.

. Let us denote this class (X, Hpu ), and define it as the class on the input domain X = R”

of all closed halfspace memberships, namely:
Hin = {{z e R"|(Z,d) >0} :d € R"\ {0}}

Knowing that VC(Hp,,) = n+ 1 < 0o, a possible subject of further study is the good
sampling property for this class.

. Is there anything from our analysis that can allow us to find half-graphs by using the

e-good pairs shown in Corollary 19, or in any of the other analogous results that use
different technologies?

. Is there any other technology that could be used in order to improve the bounds obtained

by using Haussler’s Packing Lemma as done in Section 87

Another more generally phrased follow up is to look for specific tradeoffs between the

bounds obtained in each of the results, and to point to which bound is more useful in the

aforementioned (or other) applications.
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A Appendix: referenced and used results

A.1 Regularity Lemma

A large collection of work in extremal combinatorics concerns the large scale properties
of certain classes of graphs. In particular, some classes with forbidden configurations are
found to satisfy stronger versions of regularity lemmas. Szemerédi’s Regularity Lemma is a
result in extremal combinatorics that allows us to approximate large graphs with smaller
ones of fixed size. Below, an e-regular pair (A, B) is one such that for every A’ C A and
B’ C B, such that |A’| > €|A| and |B’| > €|B|, the difference between the edge densities
d(A, B) :=e(A,B)/|A| - |B| and d(A’, B") :=e(A’, B")/(|A’| - |B’|) is less than e.

» Theorem 34 (Szemerédi's Regularity Lemma, [25]). For every e > 0 there is N(e) € N so
that every finite graph G may be partitioned into m classes V3 U --- UV, where m < N and
(i) all of the pairs V;, V; satisfy ||Vi| — |V;|| < 1;
(i) all but at most em? of the pairs (Vi, V;) are e-regular.
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Table 1 Three different Regularity Lemmas.

Assumption No. parts Guarantees

General N(e) all but me® pairs e-regular
VC(H)=d N = 0(1/e2%H) all but ke? pairs e-homogeneous
k-stable N=0 (1/62k+377) all pairs e-regular

One caveat of the above is that N(e) may be a tower of exponents, as shown by Gowers
in [14], and in the lower bound construction in [15]; such tower dependence was also shown
in [12, 7, 22] and was shown to be characterized by infinite VC dimension. Another caveat is
the existence of irregular pairs, which is characterized by the existence of half graphs.

Before we state the VC Regularity Lemma, we define VC dimension for graphs:

» Definition 35. Let G = (V, E) be a graph, and define the set system of G as the bigraph
where both sides have V'’s elements as vertices, and whose edges are given by pairs (v, w)
such that the vertices v,w € V are connected by an edge e € E. In the sense of Definition 6,
we define VC(G) as the VC dimension of this bigraph.

For graphs G such that their VC-dimension is bounded, it is possible to find a smaller N (e)
than originally, allowing to find N (e)-sized equipartitions with almost all of the pairs being e-
homogeneous. Here, an e-homogeneous pair (A, B), is one such that d(A, B) € [0,e)U(1—¢, 1].

» Theorem 36 (Bounded-VC Regularity Lemma [18, 2, 13]). For any € > 0, there is a
N = N(e) € N such that the vertex set V of any finite graph G with V C-dimension d < oo
has a partition into at most m < N parts. Here, N € [8/¢,c- e 2] where ¢ = c(d) is a
constant only depending on d, and

(i) all of the pairs Vi, V; satisfy ||V;| — |V;|| < 1;

(i) all but at most € - N? pairs are e-homogeneous

An even stronger property holds if we focus on the class of k-edge stable graphs. Namely,
there is a regularity lemma that gives stronger bounds and properties, as stated below.

» Theorem 37 (Stable Regularity Lemma [20]). For each e > 0 and k € N there is N = N(e, k)
such that for a sufficiently large finite k-edge stable graph G = (V, E), there exists £ < N
such that V' can be partitioned into disjoint pieces A1, ..., Ay such that

(i) 11A:l — |A5]| <1 for alli,5,

(i) (As, Aj) is e-regular for all i, j,

(iii) A; is e-excellent for all i,

. ok+3 _7

(iv) N < (4/¢) .
Above, the poly(¢~!) bound on the number of parts and the guarantee that all pairs will be
e-regular show that the class of stable graphs enjoy stronger regularity properties than the
class of all graphs.

A.2 Fundamental Theorem of Statistical Learning

The work of [5] provides a characterization of PAC-learnability by finiteness of VC dimension:

» Theorem 38. Let H C {£1}X be a hypothesis class on the input domain X . The following
properties are equivalent:

1. H is (agnostic) PAC-learnable;

2. H is (realizable) PAC-learnable;
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3. VC(H) =d is finite;
4. H has the uniform convergence property;
5. there exists an ERM algorithm that learns H.

In particular, the quantitative statement (see e.g., [24]) states that the uniform convergence
property of H is satisfied with sample complexity m%c(e, 9):

d + log(1/5)
g WA

d + log(1/5)

Ch <m3(e,8) < Ca - 5 ;
€

where C7 and C5 are constants. In other words, the uniform convergence property is satisfied
as long as mYC (e, §) many samples were taken. This is O(d/e?) when the value of § has been

fixed.

A.3 Haussler’'s Packing Lemma

We cite the results and notions we used from the work in [16], beginning with the following
distance notion among elements of H in the pair (X, H). Here, we assume | X| to be finite.

» Definition 39. For any two hypotheses hi, ha € H, their distance is given by the counting
measure
o |Sh1ASh2|

d(hy, he) := T,

where S, :={x € X : h(xz) = 1}. Then, an e-ball around an element hg is defined as follows:
Be(hg) :={h €M : d(h,ho) < €}

In other words, a pair of functions is e-close is they roughly look the same to the sample X,
and we can also refer to this pair of functions to be e-close in the error measure.

In the remaining part of this section, we will consider mostly interchangeably the notions
of the pair (X,H) as a set system in the sense that H C 2%, and as a hypothesis class in the
sense that each element h € H is a function h : X — {0, 1}, since they will allow us to work
with the same combinatorial structure.

A next definition that will be needed to understand the statement and use of Haussler’s
Packing Lemma is the following:

» Definition 40. A set system (X,H) on X is d-separated when |hiAhg| > 6| X|, for all
hi,ho € H.

An alternative way of stating the above is that if a set system is §-separated, then for every
pair of elements hy, hy in it, it has to happen that hy & B.(hs), and vice versa. Haussler’s
Packing Lemma notes that a general set system of bounded VC dimension cannot be both
large and J-separated.

» Theorem 41 ([16]). Let d,é > 0. If (X, H) are such that VC(H) < d, there are at most

e(d+1)- (%f)d

elements in H if it is a d-separated system of X.

72:19
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B Follow-ups for Section 7

B.1 Constructive proof of good sampling property for the half graph

In Section 7, the (¢, o, €) good sampling property was shown to hold for the half graph H,,,
where ¢; = €/4, co = 1/4, and € is any value in (0,1/2). We show this constructively, now
indicating two possible e-symmetric good pairs for this example.

» Proposition 42. Consider (X, H) with half graph structure H,, and two finite subsets
A C X and B C H. Let Ay be the set given by the leftmost c1|A| vertices of A according
to indexing. Let As be the setl given by the rightmost ca|A| vertices of A, correspondingly.
Then, define By and By analogously. Then, at least one of the pairs (A;, B;) with i,j € {1,2}
s symmetric e-good.

Proof. Let £(A;) and £(B;) be the last indexes of elements of A; and By, respectively. Also
let f(As) and f(B2) be the first indexes of the elements of As and Bs.

We claim that, either the sets of indexes of A; and By are disjoint, or the sets of indexes
of Ay and B; are disjoint. By definition of the half graph structure, (A, Bs) is either a
complete bigraph, or (As, By) is an empty bigraph, both of which are e-symmetric good
pairs. Suppose this is not true for the sake of contradiction. Then, the following must hold:

(A1) > f(B2),
U(B1) > f(A2).

By the assumptions on the sizes of the subsets A;, B;, we have
f(B2) = £(B1) + (1 — 2¢2)|B],
f(A2) > (A1) + (1 — 2¢1)|A].

Threading all these inequalities together, we obtain the absurd:
(A1) > L(A7) 4+ (1 —2¢1)| Al + (1 — 2¢9)|B].

Therefore it must be that one of (A1, B2) or (A3, By) forms a complete or empty bipartite
graph, hence symmetric e-good pair. <

B.2 Other examples of VC classes

Also following up from Section 7, we visit two more examples of VC classes in which, under
an appropriate choice of € € (0,1/2), antigood sets may be large.

The first example consists of the class of intervals in R. Let us denote this class (X, Hr),
and define it to have the input domain X = R and to consist of all closed interval memberships,
namely:

Hr = {ha,b = ]l[a,b] :a,be R}
We know that VC(H;) = 2, and have the following.

» Example 43. Counsider B to be the set of all functions h,p given by the intervals [a, b],
where a and b take integer values from 0 to V. Consider A to be the set of real numbers
{=0.5,0.5,..., N + 0.5}. Then, if € < W1|’ Anti(B,e) = {0.5,..., N — 0.5}, which is large in
A, since

|[Anti(B,e)] N —1

|A] N +1
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The second example consists of the class of rectangles in R%. Let us denote this class
(X,Hg), and define it as the class on the input domain X = R? of all closed rectangle
memberships, namely:

Hr = {hap,cd = Liapx[ca © aDb,c,d € R}
We know that VC(Hg) = 4, and have the following.

» Example 44. Consider B to be the set of all functions hg ¢4 given by the rectangles
[a, b] X [c,d], where a, b, c and d take integer values from 0 to N. Consider A to be the set of
points {(a — 0.5,b—0.5) : a,b € {0,...,N}}. Then, if e < N/(J;[)2 = O(1/N?), we have
that Anti(B,e) = {(a —0.5,b—0.5) : 1 <a,b < N}, which is large in A, since

|Anti(B,€)] N?

A (N+1)%

C Summary of results

Table 2 summarizes the results of the these main proofs (see Theorem 15, Corollaries 19
and 31, Proposition 32, and Corollary 33).

Table 2 A table summarizing the results on symmetric good pairs and large sets with small
antigood sets which can be found characteristically in classes of VC dimension bounded by some
fixed d € N. In the table below, (c1, ¢2, €)-good sampling stands for the following property: For any
A C X,B CH finite, 3A’ C A, B’ C B, such that |A’'| > c1|A|, |B’| > c2|B|, and (A’, B’) forms a
symmetric € good pair. The antigood set bound stands for the following: For any B C H, there is
B’ C B with small € -antigood set: concretely, |B’| > c5 - |B|, |Anti(B’, €)| < 1] A|.

(c1,c2, €')-good sampling Antigood set bound
Combinatorial e =c € =c
¢ = et/2%t! ch=1-(e/2)¢
ey = 1/24F1 ch=1/24
Haussler Packing € = 2 € =2

ov= (2 (1= iy ) | o = max {1 (525

c2 = (1/2) - (¢/60)? ch=(6/30)%,6>0
VC Regularity € = (1002/99)e < 102¢ € = 102¢
c1 = (99/100) - O(e~(24+1) ¢y =1/51
c2 = (99/100) - O(e~(24+1) ch = 241 /C(d)

LICS 2026
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Adjusting the parameters € > 0 to be the same accross the three methods, we obtain the
Table 3, which can be helpful to compare the results of the three proof methods:

Table 3 A table summarizing the results on symmetric good pairs and large sets with small
antigood sets characteristic of classes of VC dimension bounded by some fixed d € N. In this table,
the parameter ¢ € (0,1/2) is scaled for. In the table below, (c1,c2,€)-good sampling stands for
the following property: For any A C X, B C H finite, 3A’ C A, B’ C B, such that |A’'| > c1]4],
|B’| > c2|B|, and (A’, B') forms a symmetric ¢ good pair. The antigood set bound stands for the
following: For any B C H, there is B’ C B with small € -antigood set: concretely, |B'| > ¢4 - | B|,
[Anti(B’, €)| < c1]A].

(c1, c2, €)-good sampling Antigood set bound
Combinatorial ¢ = et /20! d=1- (%)d
ey = 1/29F1 ch=1/2¢

Haussler Packing | ¢1 = (1/2) - (1 - %) ¢h = max {1 M}

' |Ble(1—e/2)
cz = (1/2) - (¢/120)¢ ch=(6/30)%, 6 >0
VC Regularity c1 = %ﬁ””) ch =1/51

—2d. (e~ (2d+1)
g =20 ") 10§£4d+1 ) ch = €241 /(1022411 C(d))
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