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Abstract
Discrete probabilistic programs (DPPs) provide a highly expressive formalism for compactly defining
arbitrary finite probabilistic models. This expressivity comes at a price: DPP inference is PSPACE-
hard. In this work, we show that DPP inference only takes polynomial time for programs that
are “structurally simple”. More precisely, inference can be performed in polynomial time when the
primal graph of each function appearing in the probabilistic program has bounded treewidth, and
the inverse acceptance probability is at most exponential in the size of the probabilistic program.
Existing algorithms do not achieve this performance guarantee.

Our method relies on finding suitable decompositions, algebraisations, of the string diagrams
underlying DPPs, employing existing algorithms for tree decompositions. This is independent of
the probabilistic setting of DPPs and has direct applications to many problems, such as evaluating
queries on relational databases and cybersecurity risk assessment via attack trees.
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1 Introduction

1.1 Discrete probabilistic programs (DPPs)
Probabilistic programming languages are declarative formal languages for specifying prob-
abilistic models. We focus on discrete probabilistic programs (DPPs) as introduced in [14],
with Boolean variables. Thus we allow exactly the following constructs:
1. let expressions, or assignments;
2. the basic Boolean connectives ∧, ∨, ¬;
3. a biased coin flip function flip(p), for each p ∈ [0, 1] ∩ Q;
4. observe expressions, conditioning on an event being true;
5. function definitions.
Extensions to more general finite types and constructs (such as bounded iteration) can be
reduced to this Boolean core [14]. An example of a DPP is given in Figure 1. DPPs are
highly expressive and include, for example, fault trees, which are ubiquitous in reliability
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76:2 FPT Inference for Discrete Probabilistic Programs

test(z) :=
let t⊤|⊤ = flip(0.99);
let t⊤|⊥ = flip(0.02);
let tTP = z ∧ t⊤|⊤;
let tFP = ¬z ∧ t⊤|⊥;
let t = tTP ∨ tFP;
t

hasDisease( ) :=

let x = flip(10−4);
let t1 = test(x);
let t2 = test(x);
let y = t1 ∧ ¬t2;
observe(y);
x

0.99 0.02

t⊤|⊥

z

t⊤|⊤

tTP tFP

t

10−4

x

t1
t2

y

test

Figure 1 The event that a patient has an infectious disease given one positive and one negative
test result, as a discrete probabilistic program hasDisease (left) and a hierarchical string diagram
(right). The disease occurs in 10−4 of the population; the test has a 99% true positive rate (TP)
and a 2% false positive rate (FP).

engineering [31, 33], as well as Bayesian networks [24, 25] which are used for probabilistic
reasoning in many fields including healthcare [23] and cybersecurity [39]. Further applications
of discrete probabilistic programming, and its role for probabilistic programming in general,
are described in detail in [14].

1.2 The Boolean probabilistic inference problem
The main subject of this paper is probabilistic inference: given a DPP with no inputs and
a single output, what is the probability that this DPP returns true? We cannot hope to
efficiently compute this exactly: there exist programs of length O(n) whose probability of
returning true is 2−2n , which requires exponentially many digits to express; see Figure 2a.
Instead, we look at the approximate problem:

▶ Problem 1. Given a discrete probabilistic program f with no inputs and a single Boolean
output, and a natural number d, compute the probability that f returns true, up to d fractional
binary digits.

Problem 1 is PSPACE-hard [14], even when restricting to deterministic DPPs, showing
that this specific hardness result has little to do with probability and instead stems from the
expressive power of function definitions. However, without function definitions, probabilistic
inference remains NP-hard even when restricted to fault trees [20] and Bayesian networks.

For Bayesian networks, however, inference is known to be fixed-parameter tractable [19],
i.e. there are inference algorithms with polynomial time complexity given that a certain
parameter is bounded. The relevant parameter is the treewidth of the so-called moral graph
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f0( ) :=
let x = flip(0.5);
let y = flip(0.5);
let z = x ∧ y;
z

· · ·

fn+1( ) :=
let x = fn( );
let y = fn( );
let z = x ∧ y;
z

0.50.5

yx

yx

z

z

z

fn

fn−1

f0
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Figure 2 (a) Family (fn) of DPPs. The probability that fn returns true is doubly exponentially
small in n. The weighted-model-counting-based inference algorithm of Dice requires 2n fresh variables
to compile fn to a weighted Boolean formula [14, Section 4.3], causing exponential blowup before
any weighted model count is performed. (b) Decomposition of a dot diagram via parallel (⊗) and
sequential (◦) composition, equivalently the term ∨◦(∧⊗∧)◦(flip(0.1)⊗copy⊗flip(0.3))◦flip(0.2).
The operations ◦ and ⊗ correspond to matrix multiplication and Kronecker product; see Section 3.

of the Bayesian network, which measures how far away the network is from being “tree-like”.
Similar results are known for fault trees [20] and the related problem of weighted model
counting [6, 5, 9]. However, such results do not exist for DPPs in general.

1.3 Contributions
Our main contribution is a fixed-parameter tractable algorithm for inference in DPPs. The
key parameter is the maximal treewidth k of the so-called primal graph of the functions in
the DPP.

▶ Main result 2 (Theorem 55 paraphrased). There exists an algorithm that computes the
probability that a DPP returns true up to d digits in O(2O(k)d2n3 log3(p−1

acc)) time, where n

measures the overall size of the DPP,1 and pacc is the acceptance probability, the probability
that all observed values are true.2

Existing methods do not achieve these performance guarantees: the state-of-the-art
inference algorithm of Dice [14] handles DPPs by compiling them into a weighted pro-
positional formula and applying weighted model counting to the result. Through function
calls this propositional formula can grow exponentially in size; see Figure 2a. By contrast,
we essentially compute the semantics of each called function separately and then combine.
Moreover, even when restricting to DPPs corresponding to Bayesian networks or fault trees,
our algorithm does not simply reduce to established methods. Instead, we rely on string
diagram algebraisation.

1 More precisely, n = LMN , where L is the maximum number of distinct functions called within any
function, M is the number of functions in the DPP, and N is the maximum number of assignments in
any function. In particular, if l is the number of lines in the DPP, then n is in O(l3), and hence, our
algorithm takes polynomial time in the number of lines of the given DPP, for fixed k, d and pacc.

2 The dependency on pacc can be removed, for example, if the depth of the call graph of the DPP is
bounded (or at most poly-logarithmic in n), or if there are only boundedly many observed events.

LICS 2026
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Figure 3 The algorithm of Theorem 32: A. Compute a branch decomposition of the dot diagram.

B. Recursively extract sub-diagrams to obtain a hierarchical dot diagram. C. Algebrise each sub-
diagram separately as a DAG. D. Compose DAGs via substitution. The resulting term has a width
of 3 and a DAG-size of 17.

1.4 Idea of proof
Our algorithm operates on the string diagram – or more precisely, dot diagram [17] –
representing the abstract syntax of a DPP. Dot diagrams can be decomposed into a term
consisting of atomic parts via parallel and sequential decomposition; see Figure 2. Such
a term is called an algebraisation, and there are generally many algebraisations of a dot
diagram. To perform inference, each subterm is translated into a substochastic matrix, and ◦
and ⊗ translate to matrix composition and Kronecker product, respectively. A subterm with
m inputs and n outputs corresponds to a 2m × 2n-matrix; thus we need algebraisations with
low width, where the width is the maximum number of inputs or outputs over all subterms.

Unfortunately, existing approaches to string diagram algebraisation are not designed
towards minimising algebraisation width: the Frobenius decomposition of [38] is aimed
towards getting a decomposition fast. The algorithm used by the Python toolkit DisCoPy
[7, 36] to compute the semantics of a string diagram also essentially uses an algebraisation
algorithm, but only implicitly, and without optimising for low width. A generalisation of
graph-theoretic width notions to monoidal categories, monoidal width, has been studied
in [8], but without exploiting this connection for algorithmic purposes.3 To address these
shortcomings we develop an algorithm that finds algebraisations with low width. Specifically,
we prove:

▶ Main result 3 (Theorem 32 paraphrased). There is an algorithm that takes as input a
string diagram of size n whose primal graph has treewidth k, and outputs an algebraisation
of width O(k) and size O(nk2), in O(2O(k)n) time.

The idea of the proof is to take existing algorithms for finding a so-called tree decomposition of
the primal graph, convert it to a branch decomposition, and translate this to an algebraisation
(see Figure 3). The treewidth of a graph is the minimal width of its tree decompositions.
Finding the optimal tree decomposition is NP-hard [1]; instead, we employ approximation
algorithms that find a sufficiently good decomposition in O(2O(k)n) time [18].

3 A more detailed discussion of the similarities and differences between the width of an algebraisation
and monoidal width is given in the appendix of the full version of this paper [27]. Summarised briefly,
our notion of algebraisation can be understood in terms of the monoidal decompositions of [8], but the
respective notions of width differ, making it difficult to establish a deeper relation.
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1.5 Further applications of algebraisation
Since Theorem 32 works on the level of string diagrams, it has applications beyond DPPs. By
taking values in matrices over arbitrary semirings rather than stochastic matrices, our results
can be applied to algebraic model counting [15], which in turn covers Boolean satisfiability,
weighted model counting, and shortest path problems. Our results also apply to other
problems that can be phrased in terms of string diagrams, such as evaluating conjunctive
queries on relational databases [4], or quantitative cybersecurity risk assessment via attack
trees [26]. In a different direction, the term representation that our algorithm computes can
also be used for visualising string diagrams in a recursive manner [30].

2 Syntax: dot diagrams

We first define the syntax of our DPPs, in terms of dot diagrams [17]. On this level of
generality, these are neither necessarily probabilistic or Boolean, but instead defined over an
arbitrary monoidal signature.

Notations for lists. If X is a set, X∗ denotes the set of lists (i.e. finite, ordered sequences)
of elements of X. We write lists as tuples x = (x1, . . . , xn) and write |x| for its length n.
The set of all its elements is set(x).

2.1 Monoidal signatures
Monoidal signatures record a number of sorts and function symbols. The difference to ordinary
(multi-sorted) algebraic signatures is that function symbols may have multiple outputs.

▶ Definition 4. A monoidal signature is a pair

Σ = (Σ0, Σ( · , · ))

consisting of
1. a set Σ0, the set of sorts;
2. for all S, T ∈ Σ∗

0, a set Σ(S, T).
The elements f of Σ(S, T) are called function symbols with domains S and codomains T;
this is denoted f : S → T. Irrespective of domains and codomains we also write f ∈ Σ. A
morphism of monoidal signatures F : Σ → Σ′ is a map F : Σ0 → Σ′

0, together with a family
of maps,

Σ(S, T) → Σ′(F (S), F (T)),

each component of which we also denote by F .

▶ Example 5. The signature of discrete probabilistic programs is the signature BoolStochSig,
where
1. BoolStochSig has a single sort, denoted by B, so BoolStochSig0 = {B}.
2. The function symbols of BoolStochSig are (p ∈ [0, 1] ∩ Q):

∧ : (B,B) → (B), ∨ : (B,B) → (B),
¬ : (B) → (B), observe : (B) → ( ),

flip(p) : ( ) → (B).

LICS 2026
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2.2 Variable sets and assignments
Having defined our set of function symbols, we now define variables and variable assignments.

▶ Definition 6 (Variable set). Let Σ be a monoidal signature. A variable set over Σ is a pair
(X, sortX) consisting of a finite set X and sortX : X → Σ0. We write sort instead of sortX

when X is clear, and we write X instead of (X, sortX) for the variable set. A morphism of
variable sets X → Y is a map ϕ : X → Y such that sortY ◦ ϕ = sortX .

▶ Definition 7 (Assignment). Let Σ be a monoidal signature and X be a variable set over Σ.
An assignment over X is a triple (y, f, x), where x, y ∈ X∗ and f ∈ Σ(sort∗(x), sort∗(y)). x
and y are the input and output variables, respectively, and we will write

let y1, . . . , yn = f(x1, . . . , xm)

to denote the assignment ((y1, . . . , yn), f, (x1, . . . , xm)). This will be rendered as
“f(x1, . . . , xm)” when n = 0, and “let y1, . . . , yn = f” when m = 0. Moreover, we write
AΣ(X) for the set of all assignments over the variable set X.

The pushforward of a morphism of variable sets ϕ : X → Y is the map

AΣ(ϕ) : AΣ(X) → AΣ(Y ), (y, f, x) 7→ (ϕ∗(y), f, ϕ∗(x)),

where the ϕ∗ : X∗ → Y ∗ is the pushforward of lists.

▶ Example 8. Let Σ := BoolSig, let X := {x, y, z} with sortX( · ) := B. Then ((z), ∧, (x, y))
is an assignment over X, representing the “line of code” let z = x ∧ y.

Note that we do not make any assumptions about how often a variable may appear on
either side of the assignment. We will see how a variable occurring multiple times on the left
hand side of the assignment can be interpreted, once we have defined the notion of a dot
diagram over Σ.

2.3 Dot diagrams
After function symbols, variables and assignments, we can now define programs, which for us
are dot diagrams. These were introduced in [17] as hypergraphs whose vertices are called
boxes and whose hyperedges are called dots. Our definition looks more directly like one of
“straight-line programs” but is equivalent; the original definition corresponds to passing to
the “data flow graph”.

▶ Definition 9 (Dot diagram). Let Σ be a monoidal signature. A dot diagram f over Σ or
Σ-diagram is a tuple (Xf, Af, inf, outf) where
1. Xf is a variable set;
2. Af ∈ AΣ(Xf)∗ is a list of assignments; and
3. inf, outf ∈ X∗

f are lists of input and output variables;
4. for all x ∈ Xf, x is either an in- or output variable, or x appears in some assignment

from Af, i.e. there exists some (y, g, x) ∈ Af such that x ∈ set(y) or x ∈ set(x).
In the following, we will write

f(x1, . . . , xn) :=
a1;
. . .

ak;
y1, . . . , ym

instead of f := (Xf, (a1, . . . , ak), (x1, . . . , xn), (y1, . . . , ym)) to define a dot diagram f. Dot
diagrams over Σ form a monoidal signature which we denote by Dot(Σ).
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Two dot diagrams f, g ∈ Dot(Σ) are equivalent, written f ≡ g, if there exists an
isomorphism of variable sets ϕ : Xf → Xg such that that ϕ∗(inf) = ing, ϕ∗(outf) = outg, and
set(AΣ(ϕ)(Af)) = set(Ag). We write f for the equivalence class of f, and Dot(Σ) for the set
of Σ-diagrams modulo equivalence.

▶ Example 10. Let Σ be the monoidal signature with Σ0 = {S} and two function symbols
f : S ⊗ S → S and g : S → S ⊗ S. Let X := {x, y, z, v, w} be the variable set over Σ with
sortX( · ) := S. Then below (left) is an example of a dot diagram h over Σ with variable set
X, two input variables x, y, one output variable w, and three assignments. On the right is
its graphical representation where every assignment is a box and every variable is a dot.

h(x, y) :=
let z = f(x, y);
let z, v = g(y);
let w = f(v, z);
w

f g

f

x y

v
z

w

h =

▶ Example 11. Up to “syntactic sugar”, the function test from Figure 1 is a BoolStochSig-
diagram. Its set of variables is Xtest = {z, z̄, t⊤|⊤, t⊤|⊥, tTP, tFP, t} and sortX( · ) := B. To
“de-sugar” it into a dot diagram, we need to write the assignment let tFP = ¬z ∧ t⊤|⊥ as
let z̄ = ¬z; let tFP = z̄ ∧ t⊤|⊥. The resulting dot diagram has one input variable z and one
output variable t.

On the other hand, the DPP hasDisease from Figure 1 is not simply a dot diagram,
since it consists of two functions where one is called by the other.

2.4 Hierarchical dot diagrams
Hierarchical dot diagrams allow for “function definitions”: the function symbols appearing
within any assignments may themselves be defined as a dot diagram. Hierarchical dot
diagrams are our generalisation of DPPs.

▶ Definition 12. Let Σ be a monoidal signature. A hierarchical dot diagram over Σ (short:
hierarchical Σ-diagram) is a tuple,

f = (V (f), E(f), Rf, (Σv)v∈V (f), (fv)v∈V (f), defnf),

such that
1. (V (f), E(f)) is a connected, rooted directed acyclic graph with root Rf, called the call

graph of f.
2. Each Σv is a monoidal signature with the same set of sorts Σ0 as Σ, and fv is a dot

diagram over Σ ⊔Σ0 Σv, i.e. the signature whose set of sorts is Σ0 and whose set of
function symbols is given by the disjoint union of those of Σ and Σv.

3. defnf,v : Σv → ch(v) is a bijection from the set of function symbols in Σv to the set
of children of v, such that the map g 7→ fdefnf,v(g) is a morphism of signatures Σv →⊔

u∈ch(v) Dot(Σ ⊔Σ0 Σu).
4. The number of children of any vertex v ∈ V (f) (equivalently, the number of function

symbols in Σv) is at most |Afv
|.

A Σ-diagram g appears in a hierarchical Σ-diagram f if there exists some v ∈ V (f) such that
fv = g.

LICS 2026
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f g

f

g

0

3

1 2
h

j
i

(b)(a)

Figure 4 (a) Example hierarchical Σ-diagram k described in Example 13; (b) the call graph of k.

Condition (4) is only necessary for more convenient complexity bounds, ensuring that
hierarchical dot diagrams do not contain too many “unused” function symbols.

▶ Example 13. Let Σ and h be given as in Example 10. Figure 4 shows an example k of
a hierarchical dot diagram over Σ and its call graph. The vertices of the call graph are
V (k) = {0, 1, 2, 3} and its root is Rk = 0. The signatures at each node are

Σ0 = {i : S → S, j : S → S},

Σ1 = Σ2 = {h ⊗ h : S → S}, Σ3 = ∅.

The dot diagram at the vertex 3 is k3 = h; the dot diagrams at the other vertices are given
as shown in Figure 4. Finally, the functions defnk,v are given by

defnk,0(i) = 1, defnk,0(j) = 2,

defnk,1(h) = 3, defnk,2(h) = 3.

Intuitively, the nodes in the call graph represent subroutines in k, and putting defnk,1(h) = 3
means that that the function symbol h called in subroutine 1 is defined by subroutine 3.

The discrete probabilistic programs from the introduction, such as the program
hasDisease from Figure 1, can also be understood as hierarchical dot diagrams, and this is
how we define discrete probabilistic programs.

▶ Definition 14 (DPP). A discrete probabilistic program (DPP) is a hierarchical dot diagram
over the monoidal signature BoolStochSig.

3 Semantics: hypergraph categories

Dot diagrams and their hierarchical variant are purely syntactic notions. We now discuss
their semantics. For DPPs these will be (sub)stochastic matrices; in the general case, these
are morphisms in a hypergraph category. For the subsequent discussion, we assume some
familiarity with basic category theory, and monoidal categories in particular.

3.1 Strict hypergraph categories
We now define strict hypergraph categories, which are strict monoidal categories with
additional structure to model structural operations in DPPs and dot diagrams in general;
see [10] for a general discussion of hypergraph categories and their history.
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copyc delc equatec newc
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=

c d c ⊗ d
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Figure 5 The axioms of strict hypergraph categories. We use standard string diagram notation
for symmetric monoidal categories, drawing light grey boxes around morphisms to avoid confusion
with our representation of dot diagrams.

▶ Definition 15. A strict hypergraph category is a strict symmetric monoidal category C,
together with four families of morphisms

copyc : c → c ⊗ c, delc : c → IC ,

equatec : c ⊗ c → c, newc : IC → c,

where c ranges over the objects of C and IC is the tensor unit. These morphisms are required
to satisfy the equations shown in Figure 5. A strict hypergraph functor is a strict symmetric
monoidal functor that preserves copy•, del•, equate•, and new•.

3.2 Matrix hypergraph categories
In our general framework, we will define the semantics of dot diagrams as a morphism of
strict hypergraph categories. However, we are particularly interested in matrix hypergraph
categories, as these include the substochastic matrices that will be the semantics of DPPs.
We take the slightly more general viewpoint of matrices over arbitrary (commutative, unital)
semirings, as these also cover further applications such as cybersecurity risk metrics in attack
trees [26].

▶ Definition 16. A semiring is a set R with two binary operations + and ·, and two elements
0 and 1, such that (R, +, 0) and (R, · , 1) are commutative unital monoids, and · distributes
over +.

▶ Definition 17. Let R be a semiring. We define the hypergraph category MatR as having
natural numbers as objects, and m×n-matrices over R as morphisms n → m. The composition
of morphisms in MatR is given by matrix multiplication; the tensor product is given on objects
by the product of natural numbers, n ⊗ m := nm, and on morphisms by the Kronecker product
of matrices. The braiding is defined on generators as,

swapn,m · (ei ⊗ ej) := ej ⊗ ei,

for all i ∈ {1, . . . n}, j ∈ {1, . . . , m}, where ei is the i-th standard basis vector. Finally, the
hypergraph category structure is given by,

copyn · ei := ei ⊗ ei, deln · ei := (1)
equaten · (ei ⊗ ej) := δijei, newn · e1 := 1n,

where δij = 1 if i = j and δij = 0 otherwise, and 1n ∈ Rn denotes the vector all of whose
entries are 1. The axioms of hypergraph categories can easily be checked by a direct calculation.

LICS 2026
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gf ◦ =
g

f

gf ⊗ = gf
fid copy del

swap equate new ⟨f⟩

(a) (b) (c)

Figure 6 (a) Composition and (b) tensor product of dot diagrams; (c) special dot diagrams.

An important sub-hypergraph category of MatQ is the following, which will be the semantic
target category for DPPs.

▶ Definition 18 ( BoolSubStoch). A substochastic matrix is a real matrix all of whose columns
sum to a value of at most 1. The hypergraph category BoolSubStoch has natural numbers of
the form 2n as objects (n ∈ N), and substochastic 2m × 2n-matrices as morphisms 2n → 2m.
The symmetric monoidal and hypergraph structures are given in the same way as for MatQ.

The idea is that the entry ij of a substochastic matrix records the probability that a DPP
returns the Boolean vector bin(i), the binary digits of i, and that all observed events hold,
on the input bin(j). If instead we want observe expressions to properly condition on an
event, we also need to identify two substochastic matrices if they differ by a positive factor;
see [34, Section 6.2-6.3] for a thorough discussion of the denotational semantics of discrete
probabilistic programs, as well as [35] for a general treatment of the categorical semantics of
probabilistic programs.

3.3 The hypergraph category of dot diagrams
Dot diagrams (up to equivalence) themselves also form a strict hypergraph category Dot(Σ);
in fact, the free strict hypergraph category over a monoidal signature Σ (see Figure 6):

Its objects are given by lists of sorts from Σ;
its morphisms are (equivalence classes of) dot diagrams;
The (sequential) composite of two dot diagrams f, g is given by gluing the output variables
of f to the input variables of g, merging the corresponding dots;
the tensor product is given by disjoint union;
copy, del, equate new are as in Figure 6.

Precise definitions of the composition and tensor product of dot diagrams are given in the
appendix of the full version of this paper [27]. They are equivalent to those of [17], which
represent dot diagrams as cospans of labelled hypergraphs. We also introduce special dot
diagrams for id, swap, and ⟨f⟩ for each f ∈ Σ, as in Figure 6. Note that, strictly speaking,
these are equivalence classes of dot diagrams.

3.4 Interpretations and semantics
We can now define the semantics of dot diagrams as morphisms in strict hypergraph categories.
We first have to define how to interpret function symbols.

▶ Definition 19 (Interpretation). Let Σ be a monoidal signature and let C be a hypergraph
category. Then C defines a monoidal signature whose sorts are the objects of C and whose
function symbols S → T are given by all morphisms S1 ⊗ · · · ⊗ Sm → T1 ⊗ · · · ⊗ Tn in C.
An interpretation of Σ in C is a morphism of monoidal signatures I : Σ → C.
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▶ Example 20. The substochastic matrix interpretation is the interpretation
S: BoolStochSig → BoolSubStoch of the signature of DPPs in the hypergraph category
of substochastic matrices, which is defined as follows: the sole sort B of BoolStochSig is
mapped to the object 21 of BoolSubStoch. On function symbols S is given by:

S(∧) :=
(

1 1 1 0
0 0 0 1

)
, S(∨) :=

(
1 0 0 0
0 1 1 1

)
, S(¬) :=

(
0 1
1 0

)
,

S(flip(p)) :=
(

1 − p

p

)
, S(observe) :=

(
0 1

)
.

With the interpretation of function symbols in place, the semantics of dot diagrams are
the unique extension of the interpretation to dot diagrams. The following result makes this
precise. The proof is given in [17, Theorem 4.6], by reduction to the corresponding statement
for traced monoidal categories [16, Theorem 5.5.10].4 For a more recent, published reference,
see [3, Corollary 4.2].5

▶ Theorem 21. Let Σ be a monoidal signature, let C be a strict hypergraph category, and let
I : Σ → C be an interpretation. Then there exists a unique strict hypergraph functor

[[ · ]]I : Dot(Σ) → C

such that for all function symbols f in Σ, we have [[⟨f⟩]]I = I(f), where ⟨f⟩ is the dot diagram
(modulo equivalence) associated to f . In other words, Dot(Σ) is the free strict hypergraph
category on Σ.

▶ Definition 22 (Semantics). Let Σ be a monoidal signature, let C be a hypergraph category,
and let I : Σ → C be an interpretation. Moreover, let f be a dot diagram. The semantics of
f under I is [[ f ]]I , where [[ · ]]I is the unique strict hypergraph functor from Theorem 21.

Hierarchical dot diagrams will receive semantics in Definition 50.

4 Algebraisations

From the previous section it follows (ignoring hierarchical structure for the moment) that
the semantics of a DPP with 0 inputs and 1 output is a 21 × 20-substochastic matrix. In
Section 6.2, we will relate this to the acceptance probability of Problem 1. For now, we will
turn to the problem of computing this matrix. For this, we define hypergraph terms, which
are (non-unique) algebraic representations of dot diagrams. The process of finding a “good”
hypergraph term is called algebraisation, which is the topic of Section 5.

4.1 Hypergraph terms
Hypergraph terms are formal composites and tensor products of function symbols and
constant symbols representing the special morphisms in a hypergraph category.

4 The characterisation of free traced monoidal categories was stated earlier in [13], but the proof outline
given there seems to merely state what there is to prove, without saying how.

5 Note, however, that according to [11, Remark 4.3], the proof given there – which is essentially the same
as the one in [40] – contains two substantial gaps. Nevertheless, the idea of proof is substantial, relying
on a Frobenius-type decomposition similar to the one we will also use in Section 5.2; hence these gaps
can presumably be closed using suitable inductive arguments similar to the ones in [11].
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▶ Definition 23. Let Σ be a monoidal signature. The monoidal signature of hypergraph
terms over Σ is given by

Term(Σ) := (Term(Σ)0, Term(Σ)( · , · )),

where the set of sorts Term(Σ)0 := Σ0 is the same as that of Σ and Term(Σ)( · , · ) is defined
inductively as follows:
1. if f ∈ Σ(S, T), then f ∈ Term(Σ)(S, T);
2. if S, T ∈ Σ∗

0, then

idT ∈ Term(Σ)(T, T), swapS,T ∈ Term(Σ)(ST, TS),
copyT ∈ Term(Σ)(T, TT), delT ∈ Term(Σ)(T, ()),

equateT ∈ Term(Σ)(TT, T), newT ∈ Term(Σ)((), T);

3. if s ∈ Term(Σ)(T, U) and t ∈ Term(Σ)(S, T), then

s ◦ t ∈ Term(Σ)(S, U).

4. if s ∈ Term(Σ)(S, T) and t ∈ Term(Σ)(U, V), then

s ⊗ t ∈ Term(Σ)(SU, TV);

A hypergraph term is any function symbol t ∈ Term(Σ) of this signature.
We write s ⊆ t when s is a sub-term of t; this relationship is defined in the standard

inductive way. The same applies to the substitution of a finite family of hypergraph terms
(si)i∈I for a family of function symbols (gi)i∈I (from Σ) in a hypergraph term t, written
t[gi 7→ si].

For computational purposes, we assume that hypergraph terms are represented as labelled
directed acyclic graphs (DAGs) with maximal sharing, i.e. the nodes of the DAG underlying
a hypergraph term represent unique sub-terms of t; see Figure 7, discussed below.

▶ Example 24. Let Σ be the monoidal signature with a single sort S and two function
symbols f : S ⊗ S → S and g : S ⊗ S → S. Then

t = f ◦ (equate(S) ⊗ id(S)) ◦ (f ⊗ g) ◦ (id(S) ⊗ copy(S)) ∈ Term(Σ)(S3,S)

and s := f ◦ swap(S,S) ∈ Term(Σ)(S2,S) are hypergraph terms over Σ (see Figure 7). Then

t[f 7→ s] = (f ◦ swap(S,S)) ◦ (equate(S) ⊗ id(S))

◦ ((f ◦ swap(S,S)) ⊗ g) ◦ (id(S) ⊗ copy(S)),

as shown in Figure 7 (b).

4.2 Semantics of hypergraph terms
The semantics of hypergraph terms are defined in the obvious inductive way.

▶ Definition 25. Let Σ be a monoidal signature, let C be a strict hypergraph category, and
let I : Σ → C be an interpretation. The semantics [[t]]I of a hypergraph term t under I is
defined recursively as follows:

[[f ]]I := I(f), [[idT ]]I := idI(T ), [[s ◦ t]]I := I(s) ◦ I(t)
[[swapS,T ]]I := swapI(S), I(T ), [[s ⊗ t]]I := I(s) ⊗ I(t),

[[copyT ]]I := copyI(T ), [[delT ]]I := delI(T ),

[[equateT ]]I := equateI(T ), [[newT ]]I := newI(T ).
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Figure 7 (a) DAGs representing the terms t and s from Example 24; (b) the substitution of s for
f in t.

Two strict hypergraph terms s, t are equivalent if for every strict hypergraph category C and
every interpretation I : Σ → C, we have [[s]]I = [[t]]I . We write t for the equivalence class of
a hypergraph term t under this equivalence relation. Finally, we denote the set of hypergraph
terms S → T modulo equivalence by Term(Σ)(S, T), and accordingly, we write Term(Σ) for
the resulting hypergraph category.

As for Dot(Σ), the hypergraph category Term(Σ) is the free strict hypergraph category
on Σ. In more detail, this means the following.

▶ Theorem 26. Let Σ be a signature, let C be a strict hypergraph category, and let I : Σ → C

be an interpretation. Then

[[ · ]]I : Term(Σ) → C

is the unique strict hypergraph functor such that for all function symbols f ∈ Σ, we have
[[f ]]I = I(f).

4.3 From terms to dot diagrams
By the essential uniqueness of the free strict hypergraph category, we have an isomorphism of
hypergraph categories Dot(Σ) ∼= Term(Σ). The isomorphism in the direction from hypergraph
terms to dot diagrams can easily be described explicitly, as follows.

▶ Definition 27. Let Σ be a monoidal signature. Let Idot : Σ → Dot(Σ) be the interpretation
that is the identity on function symbols and assigns to each function symbol f in Σ its
corresponding dot diagram ⟨f⟩. The associated dot diagram (modulo equivalence) of a
hypergraph term t is,

dot(t) := [[t]]Idot

i.e. its semantics in Dot(Σ) under Idot.

4.4 Algebraisations of dot diagrams
Going in the other direction, from dot diagrams to hypergraph terms, is what we call
algebraisation; the resulting term that equivalently presents a morphism in the free hypergraph
category is called an algebraisation.
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▶ Definition 28. An algebraisation of a dot diagram f is a hypergraph term t such that
dot(t) = f.

4.5 Quantifying the complexity of terms
We consider two ways to quantify the complexity of a hypergraph term t. The first one, the
DAG-size, corresponds to the size of the directed acyclic graph representing t. The second
one, the width of a hypergraph term, corresponds to the largest number of in- and outputs
of any intermediate result reached when evaluating t bottom-up. The width of t can be
used, for example, to bound the time complexity of evaluating the semantics of t in a matrix
category, where composition is given by matrix multiplication and the tensor product is
given by the Kronecker product.

▶ Definition 29. Let Σ be a signature and let t : (S1, . . . , Sn) → (T1, . . . , Tn) be a hypergraph
term over Σ. The DAG-size |t| of t is the number of distinct sub-terms of t. The width of t

is the maximum,

width(t) := max
s⊆t

|dom(s)| + |codom(s)|,

over the number of inputs plus the number of outputs of sub-terms of t.

Note that width(t) is not easily read from the DAG representations of Figure 7: one also
needs to take the number of inputs and outputs at each vertex into account.

5 An algebraisation algorithm

The goal of this section is to describe an algorithm that converts a dot diagram over a
monoidal signature into a hypergraph term of low width and small DAG-size. The main
high-level steps of this algorithm are shown in Figure 3. The width and DAG-size of the
algebraisation that our algorithm finds depend on the treewidth of the so-called primal graph
of f. Subsequently, a “graph” is always a finite, undirected graph which may contain loops
or multiple edges.

▶ Definition 30 (Primal graph). Let f be a Σ-diagram over a monoidal signature Σ. The
primal graph f′ of f is the graph whose set of vertices is the set Xf of variables of f, with
exactly one edge between any two distinct variables that both appear either a) in some common
assignment, b) or as inputs, c) or as outputs.

The following definition is standard; see [2] for an exposition to tree decompositions and
treewidth, including their history and applications.

▶ Definition 31. Let G be a graph. A tree decomposition of G is a tree T together with a
family (Xt)t∈V (T ) of subsets Xt ⊆ V (G), called bags, such that:
1. The bags of T cover G:⋃

t∈V (T )

Xt = G,

2. For all adjacent v, w ∈ V (G), then there exists some t ∈ T such that v, w ∈ Xt.
3. For all v ∈ V (G), the set {t ∈ V (T ) | v ∈ Xt} induces a connected subtree of T .
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Figure 8 (a) Dot diagram test from Figure 1; (b) its primal graph test′; (c) tree decomposition
of test′ of width 2.

The width of a tree decomposition T is the cardinality of its largest bag, minus one,

width(T ) := max
t∈T

|Xt| − 1.

The treewidth tw(G) of G is the minimum width of any tree decomposition of G.

The main result for this section shows that the treewidth of the primal graph of a Σ-
diagram f is a crucial parameter for both the width and the DAG-size of the algebraisation of
f, as well as for the time it takes to find this algebraisation. This version of our algebraisation
algorithm employs a specific algorithm for low-width tree-decompositions [18] for the purpose
of a clean theoretical description. However, any algorithm for computing tree decompositions
(or, more directly, branch decompositions of hypergraphs) may be used.

▶ Theorem 32. Let f be a Σ-diagram over some monoidal signature Σ, let k := tw(f′)
be the treewidth of the primal graph of f, and let n := 1 + |Af| be one plus the number of
assignments in f.

Then f has an algebraisation t with width(t) = O(k) and DAG-size |t| = O(nk2).
Moreover, this algebraisation can be computed in O(2O(k)n) time.

The rest of this section is devoted to describing the algebraisation algorithm in detail,
and showing its correctness. In particular, we will conclude with the proof of Theorem 32
and its generalisation to hierarchical dot diagrams, Theorem 49. The proof consists of the
following steps:
Sec. 5.1 First, we analyse algebraisations of diagrams without any assignments;
Sec. 5.2 We then consider “inefficient” algebraisations of general diagrams (disregarding

width for the moment);
Sec. 5.3 In preparation for the next step, we introduce unfolding hierarchical dot diagrams

into single large dot diagrams;
Sec. 5.4 We refactor large dot diagrams into hierarchical dot diagrams, with “small” com-

ponent dot diagrams;
Sec. 5.5 Finally, we put everything together in a divide-and-conquer fashion, by using the

“inefficient” algebraisation on each small component.
By the time we are done, we get the analogous result for hierarchical dot diagrams (The-
orem 49) practically for free. All omitted proofs can be found the appendix of the full version
of this paper [27].
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5.1 Algebrising pure wiring
We first algebrise pure wirings: dot diagrams with no assignments at all. We distinguish
three special types: permutation-type, copy-and-delete-type, and equate-and-select-type dot
diagrams.

▶ Definition 33. Let Σ be a monoidal signature. A Σ-diagram f is a pure wiring if |Af| = 0.
If, moreover, inf and outf both do not contain any duplicates, are of the same length and
set(inf) = set(outf), then f is of permutation type.

A copy-and-delete-type Σ-diagram is a pure wiring such that both inf and outf are sorted
according to some (common, arbitrary) order on Xf, every variable in outf is also in inf,
and inf contains no duplicates.

Dually, an equate-and-select-type Σ-diagram is a pure wiring such that inf and outf are
sorted according to some (common, arbitrary) order on Xf, and outf contains no duplicates.

Copy-and-delete-type dot diagrams are trivial to algebrise: they are a tensor product of
i-fold copying dot diagrams, where each i is the multiplicity of the corresponding variable in
the list of outputs. Algebraisations for equate-and-select-type dot diagrams are obtained in
the same way. The case of algebrising permutation-type wirings is less obvious. In essence,
it amounts to a parallel sorting algorithm that uses only adjacent swaps, leading to the
following lemma.

▶ Lemma 34. Let Σ be a monoidal signature, let σ be a permutation-type Σ-diagram, and let
k := |inσ| = |outσ| be the number of inputs (or equivalently outputs) of σ. Then there exists
an algebraisation t of σ with |t| = O(k2) and width(t) ≤ 2k. Moreover, such an algebraisation
can be computed in time O(k2).

To algebrise general pure wirings, we need the following lemma and its corollary, allowing
us to write any pure wiring as a composition of permutation-type, copy-and-delete-type, and
equate-and-select-type wirings. This can be shown by passing to the side of hypergraph
terms, and then proving the corresponding decomposition property by structural induction.

▶ Lemma 35. Let f be a pure wiring over Σ. Then there exist permutation-type Σ-diagrams
σ1, σ2, σ3, a copy-and-select-type Σ-diagram c, and an equate-and-delete-type Σ-diagram e
such that f = σ3 ◦ e ◦ σ2 ◦ c ◦ σ1.

▶ Corollary 36. Let f be a pure wiring over Σ, and let k := max{|inf|, |outf|}. Then there
exists an algebraisation t of f with |t| = O(k2) and width(t) ≤ 2k. In addition, such an
algebraisation can be computed in time O(k2).

5.2 Inefficient algebraisations
We give a method for obtaining algebraisations of general dot diagrams that are cleanly
described, at the cost of resulting in a large width. Later, we minimise this damage by only
applying this to small dot diagrams as part of our divide-and-conquer approach.

The width-inefficient algorithm is based on the observation that any dot diagram can
be decomposed into a pure wiring, followed by a tensor product of function symbols and
identities, followed by a pure wiring; see Figure 9. This is the subject of the next lemma,
which is essentially a consequence of [38, Proposition 5.4], where an essentially equivalent
decomposition is called the Frobenius decomposition. Before we can state it, we need to define
the width of a dot diagram, which we will use to bound the time complexity of computing
such a decomposition.
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Figure 9 Frobenius decomposition of the dot diagram test from Figure 1: pure wiring, followed
by a tensor product of function symbols and identities, followed by pure wiring.

▶ Definition 37. Let f be a dot diagram. Let ni, mi be the number of inputs (outputs,
respectively) of the i-th assignment of f, for i ∈ {1, . . . , |Af|}. Let N := maxi∈{1,...,|Af|} ni

and M := maxi∈{1,...,|Af|} mi. The width of f is

width(f) := max{|inf|, |outf|, M, N},

the maximum number of in- or outputs over f and its assignments.

The following are proven in the appendix of the full version of this paper [27].

▶ Lemma 38 (Frobenius decomposition). Let Σ be a monoidal signature and let f be a
Σ-diagram. For each a ∈ Af, write a = (let ya = ga(xa)), and let Sa, Ta ∈ Σ∗

0 be the list of
(co-)domains of ga : Sa → Ta. Then there exist pure wirings w1, w2 such that

f ≡ w1 ◦
⊗
a∈Af

(ga ⊗ idSa
⊗ idTa

) ◦ w2,

where ≡ denotes equivalence of dot diagrams. Moreover, the wirings w1, w2 can be computed
in O(|Af| · width(f)) time.

▶ Corollary 39. Let f be a Σ-diagram. Let w := width(f) be the width of f and let
n := |Af| ≥ 1. Then there exists an algebraisation t ∈ Term(Σ) of f such that width(t) ≤ 6nw

and |t| = O(n2w2). Moreover, such t can be computed in O(n2w2) time.

If every function symbol has at least one in- or output, the width resulting from the
Frobenius decomposition is at least n for a dot diagram with n assignments, which clearly
far from optimal. We will therefore only use it on small dot diagrams.

5.3 Unfolding hierarchical dot diagrams
The next step of our divide-and-conquer approach is to refactor arbitrary dot diagrams into
hierarchical dot diagrams, in which each dot diagram is small. To explain this, we first need
the opposite notion: unfolding a hierarchical dot diagram into a large regular dot diagram
via recursive substitution.

▶ Definition 40. Let Σ be a monoidal signature and f be a hierarchical Σ-diagram. Let
(gi : Si → Ti)i∈I ∈ ΣI be a finite family of function symbols, and let (gi : Si → Ti)i∈I

be a finite family of Σ-diagrams over the same index set. The substitution of (gi)i∈I for
(gi)i∈I ∈ ΣI in f, written

f[gi 7→ gi]i∈I ,

is defined as follows. The set of variables of f[gi 7→ gi]i∈I is the following pushout,

Xf [gi 7→gi]i∈I
:=

Xf ⊔
⊔
i∈I

⊔
let y=gi(x)

Xgi

 / ∼,
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where ⊔ denotes disjoint union, and ∼ is the equivalence relation that identifies the input
(resp. output) variables of each (copy of) gi with the input (resp. output) variables of the
corresponding assignment in which gi occurs. The lists of in- and output variables of
f[gi 7→ gi]i∈I are the the pushforward of those of f under the inclusion Xf → Xf [gi 7→gi]i∈I

.
Finally, the list of assignments of f[gi 7→ gi]i∈I is given by replacing each assignment of the
form

let y = gi(x)

in Af by the list Agi
, with each variable in Af or Agi

replaced by its image in Xf[gi 7→gi]i∈I
.

Unfolding a hierarchical Σ-diagram can now be defined by recursively substituting the
definitions of all dot diagrams appearing therein along its call graph.

▶ Definition 41. Let f be a hierarchical Σ-diagram. Define

unfold′(f, v) :=
{

fv if v is a leaf,
fv[defn−1

f (u) 7→ unfold′(f, u)]u∈ch(v) otherwise.

Unfolding f is defined as unfold(f) := unfold′(f, Rf).

To extend the algebraisation algorithm of Corollary 39 to hierarchical dot diagrams, we
need the fact that algebraisation commutes with substitution.

▶ Lemma 42. Let f be a Σ-diagram, let (gi : Si → Ti)i∈I be a finite family of function
symbols in Σ, and let (gi : Si → Ti)i∈I be a family of Σ-diagram over the same index set.
Moreover, suppose that t is an algebraisation of f and that si is an algebraisation of gi, for
each i ∈ I. Then t[gi 7→ si]i∈I is an algebraisation of f[gi 7→ gi]i∈I .

Proof. This can be shown by induction on the structure of t. In the base case, when t is
consists of a single symbol, the claim is trivial. If, on the other hand, t = t1 ◦ t2 or t = t1 ⊗ t2,
this follows quickly using the induction hypothesis and the definitions of the composition
and tensor product of Σ-diagrams. ◀

▶ Lemma 43. Let Σ be a monoidal signature and let f be a hierarchical Σ-diagram. Let
N := maxv∈V (f) |Afv

| > 1 be the maximum number of assignments of any dot diagram
appearing in f, and let K := maxv∈V (f) width(fv) be the maximum width of any dot diagram
appearing in f.

Then there exists an algebraisation t ∈ Term(Σ) of unfold(f) with |t| = O(|V (f)|N2K2)
and width(t) ≤ 6NK. Moreover, it can be computed in O(|V (f)|N3K2) time.

5.4 Algebraisation via branch decomposition
To turn a dot diagram into a hierarchical dot diagram in which only “small” auxiliary dot
diagrams appear, we rely on the notion of a branch decomposition of a hypergraph. By a
hypergraph we mean an undirected hypergraph allowing for loops and multiple edges:

▶ Definition 44. A hypergraph G consists of a set V (G) of vertices, a set E(G) of hy-
peredges, and a relation I(G) ⊆ V (G) × E(G). A vertex v is incident with e if (v, e) ∈ I(G).

Dot diagrams have an associated hypergraph, the dependency hypergraph, whose vertices
are the variables of the dot diagram.
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Figure 10 (a) A tree decomposition of test′ extended by redundant (light grey) bags to turn
it into a branch decomposition of Dep(f); (b) branch decomposition visualised as a hierarchical
clustering of the boxes of test.

▶ Definition 45. Let Σ be a signature and let f be a Σ-diagram. The dependency hypergraph
Dep(f) of f is defined by

V (Dep(f)) = Xf,

E(Dep(f)) = set(Af) ∪ {inf, outf},

and a vertex x is incident with e in Dep(f) if and only if either
1. e = (let y = f(x)) is an assignment and x ∈ x or x ∈ y, or
2. e = inf and x ∈ inf, or
3. e = outf and x ∈ outf.

By an unrooted binary tree, we mean a tree (i.e. a connected acyclic undirected graph)
in which each vertex has degree either 1 or 3. The notion of a branch decomposition of a
hypergraph is due to Robertson and Seymour [29].

▶ Definition 46. Let G be a hypergraph. A branch decomposition is a unrooted binary tree
B together with a bijection η from the leaves of B to the hyperedges of G.

Let e be an edge of B. Then removing e from B partitions B into two components B1, B2.
A vertex v of G is at the interface of e if there is a leaf l1 of B1 and a leaf l2 of B2 such that
v is incident to both η(l1) and η(l2). The order of an edge e of B is the number of vertices
in G at the interface of e.

The width width(B) of a branch decomposition B of G is the maximum order of any edge
in B. The branch-width of G is the minimum width of any branch decomposition of G.

A branch decomposition of the dependency graph of a dot diagram can be visualised as
hierarchical clustering of its assignments (“boxes”); see Figure 10. The next lemma turns
a branch decomposition of the dependency graph into a hierarchical dot diagram with the
desired properties.

▶ Lemma 47. Let f be a Σ-diagram and let B be a branch decomposition of the dependency
hypergraph of f. Then there exists a hierarchical Σ-diagram f∗ such that:
1. unfold(f∗) = f.
2. Every dot diagram in f∗ has at most width(B) in- or outputs.
3. Every dot diagram in f∗ has at most two assignments.
4. |V (f∗)| ≤ |Af|.
Moreover, such an f∗ can be computed in O(|V (B)| · width(B)) time.
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Once we have converted a dot diagram into hierarchical dot diagram in which only “small”
dot diagrams appear, as provided by Lemma 47, we can apply Lemma 43 to obtain an
algebraisation of small width. Hence, taking both lemmas together directly implies:

▶ Theorem 48. Let f be a Σ-diagram and let B be a branch decomposition of the dependency
hypergraph of f. Then there exists an algebraisation t of f with width(t) ≤ 12 width(B) and
|t| = O(|Af| ·width(B)2). Moreover, given the branch decomposition B, such an algebraisation
t can be computed in time O(|Af| · width(B)2).

5.5 Proof of Theorem 32
Proof. We now show Theorem 32 by reducing it to Theorem 48. First, by a theorem of
Korhonen [18, Theorem 1.1.], one can compute a tree decomposition T of width at most
2k + 1 of the primal graph f′ of the given dot diagram f, where k is the treewidth of f′,
in time O(|Af| · 2O(k)). Moreover, we may assume without loss of generality that |V (T )| is
linear in |Af|. We may assume further that |Af| ≥ 2 (otherwise, we use the algebraisation
algorithm of Corollary 39). Under these assumptions, one can convert tree decomposition
T of f′ into a branch decomposition B of the dependency hypergraph Dep(f) of width
width(B) ≤ width(T ) + 1, in linear time with respect to |Af|. This construction is carried out
in the proof of [29, (5.1)]. The notion of treewidth used there is equivalent to the treewidth
of the primal graph; see also Figure 10. Using Theorem 48 we find an algebraisation t of
width

width(t) ≤ 12 · width(B) ≤ 24k + 24 ∈ O(k)

and |t| = O(|Af| · k2) in time O(|Af| · 2O(k)). ◀

5.6 Generalisation to the hierarchical case
Theorem 32 can now be easily generalised to hierarchical dot diagrams f: when the primal
graphs of each dot diagram appearing in f all have small treewidth, then an algebraisation of
the unfolded dot diagram unfold(f) of small width and DAG-size can be computed efficiently.
This is the subject of the following theorem, whose proof is analogous to the one of Lemma 43.

▶ Theorem 49. Let f be a hierarchical dot diagram over a monoidal signature Σ. Moreover,
let
1. k := maxv∈V (f) tw(f′

v) be the maximum treewidth of the primal graph of any fv,
2. L := 1 + maxv∈V (f) |ch(v)| be one plus the maximum number of children of any vertex in

the call graph of f,
3. M := |V (f)|, and let
4. N := 1 + maxv∈V (f) |Afv | be one plus the maximum number of assignments in any dot

diagrams appearing in f.
Then an algebraisation of unfold(f) of DAG-size in O(MNk2) and width in O(k) can be
computed in O(LMN · 2O(k)) time.

6 Applications of algebraisation

With nice algebraisations in place, we now return to the question of computing semantics;
this includes DPP inference. Of course, the precise complexity depends highly on the strict
hypergraph category corresponding to the semantics. We first discuss general properties of
semantics in matrix categories, and then apply it to Problem 1. Finally, we discuss other
existing problems that can be viewed as the computation of dot diagram semantics.
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6.1 Computing matrix semantics
To cover many of the applications that follow in a unified manner, we first consider the
problem of computing the semantics of a hierarchical dot diagram in a matrix category over
a semiring. The semantics of a hierarchical dot diagram are defined as the semantics of the
simple dot diagram that results from unfolding it.

▶ Definition 50. Let f be a hierarchical dot diagram over some monoidal signature Σ, and
let I : Σ → C be an interpretation of Σ in some hypergraph category C. The semantics of f
under I are [[f]]I := [[unfold(f)]]I .

When working over general semirings, a natural way to express the complexity of an
algorithm is the number of additions and multiplications it takes. This can be made precise
using the notion of an arithmetic circuit over a semiring: a representation of an arithmetic
expression as a directed acyclic graph. The problem then becomes to compile a hierarchical
dot diagram f to an equivalent arithmetic circuit. Theorem 52 shows that when the primal
graph of each dot diagram appearing in f has bounded treewidth, this problem can be solved
efficiently.

▶ Definition 51. Let R be a semiring. An arithmetic circuit over R is a tuple C =
(V (C), E(C), (opv)v∈V (C)) such that:
1. (V (C), E(C)) is a directed acyclic graph.
2. For each vertex v ∈ V (C), the label opC

v of v is either an element of R, or one of the
two symbols {+, · }.

3. A vertex v ∈ V (C) is a leaf in (V (C), E(C)) if and only if it is labelled by an element of
R, i.e. opC

v ∈ R.
4. All non-leaf vertices have exactly two children.

The semantics of C at v ∈ V (C) are given by

[[C]]v :=


opC

v if v is a leaf,∑
u∈ch(v)[[C]]u if opC

v = +,∏
u∈ch(v)[[C]]u otherwise.

Note that in contrast to other notions of arithmetic circuit in the literature [32], the
arithmetic circuits we consider may have multiple outputs (i.e. roots). Moreover, as defined
above, they only represent closed arithmetic expressions (i.e. expressions which not contain
variables). The following theorem characterises a general algorithm for computing the
semantics of dot diagrams in matrix hypergraph categories.

▶ Theorem 52. Let Σ be a monoidal signature, let R be a semiring, and let I : Σ → MatR

be an interpretation. Moreover, let f be a hierarchical dot diagram over Σ, and let k, L, M

and N be defined as in Theorem 49. Finally, let m, n ∈ N be the dimensions of the matrix
[[f]]I ∈ Rm×n.

Then there is an arithmetic circuit C over R with O(2O(k)MN) vertices and a bijection
ν from {0, . . . , n − 1} × {0, . . . , m − 1} to the set of roots of C such that

([[f]]I)ij = [[C]]ν(i,j).

Moreover, this arithmetic circuit C can be computed in O(2O(k)LMN) time.
In particular, if the arithmetic operations in R can be computed in constant time and the

treewidth k is bounded, then the semantics of f can be computed in O(LMN) time.
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6.2 Probabilistic inference
We now consider DPPs specifically.

▶ Definition 53. Let f : ( ) → (B) be a discrete probabilistic program with no inputs and a
single output. Let

(
q p

)⊺ := [[f]]S be the semantics of f under the substochastic interpretation.
The acceptance probability of f is pacc := p + q. The probability that f outputs true is
pf := p/pacc if pacc > 0 and 0 otherwise.

This leads to the following rephrasing of Problem 1:

▶ Problem 54. Given a discrete probabilistic program f and a natural number d > 0,
approximate pf with an absolute error of at most 2−(d+1).

Next is our main result concerning inference in DPPs. Its proof is mainly an application
of Theorem 52, together with standard arguments for bounding the error and complexity for
matrix multiplications and Kronecker products of substochastic matrices.

▶ Theorem 55. Let f : ( ) → (B) be a discrete probabilistic program with no inputs and a
single output, let pacc be the acceptance probability of f, and let d > 0 be an integer.

Then the probability pf that f outputs true can be approximated with absolute error at
most 2−(d+1) in time

O((LMN)3 · d2 · log3(p−1
acc) · 2O(k)),

where L, M , and N are defined as in Theorem 49.
In particular, if k is bounded and the acceptance probability p−1

acc is at most exponential in
LMN , then Boolean probabilistic inference can be performed in polynomial time.

A problem is said to be fixed parameter tractable if on every class of instances for which
a given parameter is bounded, it can be solved in polynomial time. Hence, according to
Theorem 55 Boolean probabilistic inference is fixed-parameter tractable for the parameter
(k, p−1

acc). The dependency on p−1
acc can be removed, if we assume that the call graph of the

given probabilistic program has bounded depth, since in this case the acceptance probability
is at most exponential in LMN . This also shows that Theorem 55 can be seen as a proper
generalisation of the fixed-parameter tractability of Bayesian network inference.
▶ Remark 56. Even though Theorem 55 generalises the fixed-parameter tractability of
Bayesian network inference, our inference algorithm does not reduce to the classical junction
tree algorithm for Bayesian networks. One significant difference is that the junction tree
algorithm operates directly on a tree decomposition of the moral graph (which is the same
as the primal graph of a corresponding DPP). In contrast, our algorithm first converts this
tree decomposition into a branch decomposition, making our algorithm is more similar to
(but still distinct from) tensor network contraction algorithms.

6.3 Further applications
Being phrased in terms of dot diagrams rather than DPPs specifically, Theorem 32 can also
be applied to derive a number of fixed parameter-tractability results in a unified manner.

Tensor networks and quantum circuit simulation

Tensor networks can be viewed as dot diagrams over MatR (viewed as a monoidal signature),
and computing the semantics of such a dot diagram corresponds precisely to tensor network
contraction [17, Theorem 5.1]. Hence, the known result that tensor network contraction
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can be performed using polynomially many arithmetic operations for networks of bounded
treewidth [22], e.g. for the purpose of quantum circuit simulation, can be viewed as special
cases of Theorem 52.

Computing attack tree metrics

As was shown in [26], the problem of computing attack tree metrics [21] can naturally be
formulated as the problem of computing the semantics of a string diagram, the given attack
tree, in MatR for suitable semirings R. In particular, the metric associated to the tropical
semiring (N, min, +), the min. cost metric, quantifies the minimum cost for an attacker to
compromise the system modelled by the attack tree. A direct application of Theorem 52 now
gives that attack tree metrics can be computed in polynomial time on attack trees of bounded
treewidth, as long as the size of any intermediate result of evaluating the corresponding
arithmetic circuit is bounded. The latter condition applies, for instance, in the case of the
min. cost metric. For this problem, no fixed-parameter tractable algorithms have previously
been described in the literature.

Evaluating database queries

In the context of relational databases, it is known that conjunctive query evaluation is
fixed-parameter tractable [4, 12]. One can view this as a consequence of Theorem 32, as
follows. A conjunctive query (i.e. a select-project-join query) on a database can be viewed as
a dot diagram over the hypergraph category FinRel of finite relations (viewed as a monoidal
signature).6 Here, FinRel can be defined as the matrix hypergraph category MatB, where
(B, ∨, ∧) is the Boolean semiring. In the context of databases, however, one should think of
the morphisms of FinRel not as matrices with Boolean entries, but as tables that directly list
the elements of a relation. The problem of evaluating a conjunctive query is then equivalent
to computing the semantics of the corresponding dot diagram in FinRel. The primal graph
of the dot diagram corresponds to the query graph of the conjunctive query. Therefore, it
follows from Theorem 32 that a conjunctive query whose query graph has bounded treewidth
can be evaluated in polynomial time in the size of the query and the largest table in the
database. In contrast to the case of tensor networks and attack trees, this result does not
use the compilation of string diagrams to arithmetic circuits, but directly uses the cartesian
product and composition of relations in the evaluation step. This shows that the additional
layer of abstraction provided by dot diagrams and hypergraph categories can be necessary
for some applications.

7 Conclusion

Theorem 55 shows that despite the likely inherent intractability of inference for general
discrete probabilistic programs, inference can nevertheless be fast on sufficiently structurally
simple instances. Moreover, existing inference engines for discrete probabilistic programs
do not satisfy our parametrised complexity bounds, and for deeply nested programs our
algorithm yields exponential asymptotic improvements (see Figure 2a).

What remains open is whether, and to what extent, our method also yields benefits in
practical implementations. This next step will also be an opportunity to investigate potential
advantages of our approach that are difficult to analyse on the level of asymptotic complexity.
One such potential advantage is that the algebraic representation of probabilistic programs

6 This is explained in more detail in the appendix of the full version of this paper [27].
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enables the use of traditional methods for term rewriting and program optimisation to simplify
terms before evaluating them, making use of the sound and complete equational theory for
discrete probabilistic programs from [28]. Another possible advantage is that our abstract
formulation allows dense matrices to be easily replaced by more efficient representations of
substochastic matrices, similar to decision diagrams used in quantum circuit simulation [37],
without affecting the stated performance guarantees.

Finally, we have shown that our method, string diagram algebraisation, is applicable
beyond probabilistic programming, enabling a unified view on a diverse variety of known
fixed-parameter tractability results.
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