Problems with Fixpoints of Polynomials of
Polynomials

Cécilia Pradic @&
Swansea University, UK

Ian Price 9 4&
Swansea University, UK

—— Abstract
Motivated by applications in computable analysis, we study fixpoints of certain endofunctors over
categories of containers. More specifically, we focus on fibred endofunctors over the fibrewise
opposite of the codomain fibration that can be themselves be represented by families of polynomial
endofunctors. In this setting, we show how to compute initial algebras, terminal coalgebras and
another kind of fixpoint (. We then explore a number of examples of derived operators inspired by
Weihrauch complexity and the usual construction of the free polynomial monad.

We introduce (-expressions as the syntax of u-bicomplete categories, extended with ¢-binders
and parallel products, which thus have a natural denotation in containers. By interpreting certain
(-expressions in a category of type-2 computable maps, we are able to capture a number of meaningful
Weihrauch degrees, ranging from closed choice on {0, 1} to determinacy of infinite parity games, via
an “answerable part” operator.
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1 Introduction

1.1 Internal families, polynomial functors and containers

The fundamental notion of a family of types (A;);.; can be interpreted in any category C with
finite limits. Under this interpretation, morphisms A — I are regarded as I-indexed families
and taking a pullback along f : J — I corresponds to computing a reindexing (Ay;));.s. The
most natural category whose objects are families internal to C is C™, which has commuting
squares for morphisms.
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The codomain functor cod : C~ — C is then a Grothendieck fibration corresponding to the
C-indexed category (C/I)I:Obj(c)~ This is the starting point of the rich theory of fibrations
and semantics of type theory [32]. That being said, another important notion of morphisms
between families is the one induced by the fibrewise opposite of the codomain fibration!.

po: I —J A . B
(0 [T (B — Ai) Pl l lQ
il I——1 —J

©

Internal families and these morphisms make up a category Cont(C), whose objects are
sometimes called polynomials or containers. The category Cont(C) and its dependent versions
have been studied from a number of viewpoints in mathematics and computer science:

As functors. Assuming C has II types, the container (A;);.;r induces an endofunctor over C:

X = )X
i1

Endofunctors of this shape are called polynomial endofunctors, and we have that strong natural
transformations are in one-to-one correspondence with container morphisms. Polynomial
functors have excellent structural properties and have thus proved useful in many areas of
logic and computer science [25], including semantics [26, 43]. It is also often the case that
polynomial endofunctors admit initial algebras and terminal coalgebras [41, 59] (which are
categorifications of the notions of least and greatest fixpoints). Intuitively, the initial algebra
of (A;);.1 consists well-founded I-labelled trees where A; indexes the children of i-labelled
nodes. Having initial algebras for polynomial functors allows one to interpret inductive types
(also called W-types) of Martin-Lof type theory. Dually the terminal coalgebras (M-types)
interpret coinductive types [1].

As polymorphic types. The terminology “containers” was introduced in the context of
functional programming [2] to formalize a notion of polymorphic datatypes such as a —
List(a). The idea there is that a datatype polymorphic in some parameter « is concretely
determined by a type of shapes I and an I-indexed families of holes in which to put labels
taken from «. For instance, the container for List(«) in Set is the family ({0,...,n — 1}),.n
which says that for every n : N, there is a “generic list” of length n with n holes. Then
container morphisms correspond to polymorphic functions that describe an output shape
solely in terms of the input shape and provenance of the labels of each hole of the output,
which must come from holes in the input. At the level of semantics, instantiating such a
polymorphic definition at a then corresponds to applying the corresponding polynomial
functor to a.

As problems. Another viewpoint on internal families (A;);.; is that they may be viewed as
a formalism for input-output specifications which we may call problems. The idea is that
members i : [ are inputs or questions and A; consists of answers to i. Then a full solution
to such a problem P : A — [ is a section s : I — A. Even if P is “surjective”, such full
solutions have no reason to exist in general; in our examples of interest it will be the case

L See [54, §1 & 5] for a formal definition; informally, this is one of the few constructions which is easier to
define from the point of view of indexed categories C — Cat, where it simply corresponds to composing
with the endofunctor op : Cat — Cat that reverses all arrows.
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Notation | Operation on problems ‘ Fixpoint expression

P* finite parallelization puX. I+ PX
P infinite parallelization (X.PRX
P ask w questions UX P x X
get one answer
finite iterations
<O
P (free monad over P) pX I Xx P
P w-loop (X. X xP

Figure 1 Endofunctors Cont(C) — Cont(C) defined via fixpoint equations. Since the definition
of x requires C to be a lccc, the last two definitions are not quite the same as the operators on
Weihrauch degrees (see [49, §4.4]).

that C contains only continuous maps and that P typically has no continuous sections. It is
then remarkable that container morphisms P — ) can be regarded as reductions that solve
P using exactly one oracle call to @, a restriction reminiscent of linear logic. This notion
is extensively studied in type 2 computability?, where the objects of C are subspaces of 2N,
morphisms are represented by Turing machines operating on infinite bit strings and problems
are often given by non-constructive V3 theorems of second-order arithmetic. In this setting,
container morphisms are called Weihrauch reductions [10] and capture comparative hardness,
often in a more fine-grained way than entailment does in reverse mathematics [53]. This
viewpoint is also helpful when working with modalities induced by containers [51, 4] in the
context of synthetic computability theory [34, 55, 62].

1.2 Fixpoints over the category of containers

Taking the last perspective on containers, their excellent structural properties translate to a
multitude of operators to combine problems that find many concrete applications [14]. In
particular, we have tensorial products ® and % for the parallel and sequential composition of
problems, and the coproduct P + @ allows one to ask a question to either P or ) and get
a relevant answer. To relax the linear nature of container morphisms, it is natural to ask
for fixpoints of such operators. For instance, a reduction from @ to P°, the carrier of the
initial algebra of the endofunctor X — I + X x P over Cont(C), captures the idea of being
able to compute solutions to ) questions if we are allowed to use P as an oracle an arbitrary
finite number of times. It is not only least fixpoints that are of interest: w-parallelization is a

standard tool [13] and sequential iterations of length w have recently been introduced [11, 15].

However, in spite of their natural definitions, they are not greatest fixpoints! For instance,
in the case of the terminal coalgebra of X — X ® P, the shape of its carrier consists of
streams of P-questions, but it defines no possible answers whatsoever to such streams of
questions; w-parallelization in Weihrauch reducibility contrastingly allows for relevant streams
of P-answers.

We are thus compelled to look for a more structural understanding of such fixpoints. In
this paper, we focus on fixpoints for endofunctors F : Cont(C) — Cont(C) that happen to
be components of fibred endofunctors over cod®?; that is, those functors such that there is
a (uniquely determined) Fj : C — C such that cod®® o F' = Fjy o cod®”. Intuitively it means

2 But not exclusively there; see [28] for a similar set-up in algebraic complexity theory. This is also similar
to intuitions in terms of games given in [29].
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that the question space of F(P) only depends on the question space of P and that F' induces
functors Fx : (C / X (C / Fo(X ) at the level of answers. This suggests the following
generic recipe to compute a terminal coalgebra of F': first compute a terminal Fy-coalgebra
(vFo,cur,), and then, compute a terminal coalgebra for (c)p )P o Fup, : (C/VFO)OP —
(C/VFO)OP, that is, an initial algebra for ¢ 5, o F;FO : C/VFO — C/VFO' If we thus assume
that C has indexed W-types and M-types and that Fy, as well as every Fy’, are polynomials,
then this construction shows us that a terminal F-coalgebra exists. We can also build
initial F-algebras in a completely dual manner, by first computing the initial Fy-algebra
(Fo,aur,), and then a terminal coalgebra for (a ;F )* o Fur,. More excitingly, we may also
mix the two approaches by taking terminal coalgebras for both Fy and ¢;p, o Fyp , which
yields a container (F' that comes with an isomorphism F({F) = (F via Lambek’s lemma.
This middling fixpoint construction is the one that enables us to capture w-iterations and
parallelizations without trivializing the space of answers (see Figure 1).

Asssuming that C is lextensive, has indexed W-types and M-types, a niceness notion for
endofunctors Cont(C) — Cont(C) (i.e. functors we call fibred polynomial in Definition 13), an
existence theorem for our fixpoints (Theorem 18) and the knowledge that product, coproduct
and ® are nice (Lemma 14), we have a supply of containers by interpreting the following
generalization of the syntax of u-bicomplete categories [52, 30], which we call (-expressions:

EE = X |uX.E|(X.E|vX.E| ExXE | EQE | E+F

Much like in case of the free u-bicomplete category, interpreting this syntax does yield some
non-trivial results that can be related to strategies in parity games. More specifically, we
shall see that such expressions E can be algorithmically turned into regular infinite tree
languages Lg describing parity games (as in [5]). Then E gets interpreted as the problem
{(E), where a question is a tree ¢ € Ly which is answered by a winning strategy in the
relevant game for the player with, say, the even objective (Theorem 27).

In spite of the non-trivial combinatorics, the degree of the problem (E) is always trivial.
In many situations, we do obtain problems with interesting question-answer pairs that also
contain questions which cannot be answered, which means that the problem typically has
maximal degree (the terminal object in Cont(C) is the trivial family (0);:1). This means that
we have some way to retrieve interesting information if we have the ability to filter out these
problematic unanswerable questions. In the context of Weihrauch reducibility, we can do so
via an operator we call Ans (Definition 9). Applying Ans to denotations of {-expressions then
allows us to describe a healthy number of benchmark Weihrauch problems that include the
computation of limits, the infinite pigeonhole principle, closed choice principles on subspaces
of NN and determinacy for A} and AJ objectives (see Figure 2). There are, of course, limits
to how many degrees can be expressed this way. The automata-theoretic characterization of
{E) mean we can only get 0 or pointed degrees that are below determinacy for parity games
(Proposition 40); this however does not rule out most named degrees studied in Weihrauch
complexity so far. We conjecture that some natural degrees, such as RT% (Ramsey’s theorem
for pairs), are not equivalent to any Ans({E)).

1.3 Related and further work

Structural aspects of Weihrauch reducibility. The present paper obviously draws on efforts
to generalize and “categorify” Weihrauch reducibility and some of its variants [7, 58, 40],
which have only recently identified containers as a possible unifying framework [3, 49]. As a
result, the algebraic theory of operators on Weihrauch degrees developed separately from the
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Figure 2 Problems from the Weihrauch lattice as the answerable part of the interpretation of
some (-expressions in represented spaces. On the left-hand side is the part of the Weihrauch lattice
we capture, where all inequalities are known to be strict below IT}-CAg. T-FindWS is the answerable
part of the problem where a question is code for a I'-set A which is answered by a winning strategy
for the player with winning condition A in a Gale-Stewart game over NV,

literature on polynomial functors, which led to an apparent duplication of results pertaining to
basic properties of sequential composition for instance [14, 61]. Although some care has to be
taken as there is a mismatch between the usual sequential composition of polynomial functors
and the composition of Weihrauch problems. This is due to the fact that computability
theorists always work intensionally with Weihrauch problems; they consider containers over
a category rpReprSp which is only weakly (locally) cartesian closed. A consequence of this
is that the sequential composition in Cont(rpReprSp) is only a quasifunctor. While it ends
up being closely related to the classical composition of polynomial endofunctors over a
supercategory ReprSp, more work is needed to definitely capture what is going on in an
abstract setting; see [49, §4] for more details.

Fixpoints of endofunctors over containers. Fixpoints and containers enjoy a strong
connection, as polynomial functors do often admit initial algebras and terminal coalgebras [41,
59, 2, 1]. But we are not aware of any systematic study of fixpoints of endofunctors over
Cont(C) that focus on fibred functors comprised of polynomials like we consider here (rather
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than fixpoints of polynomial enfofunctors over C). That is not to say that such fixpoints have
never been considered in the literature on polynomial functors and containers: for instance,
the free monad over a polynomial P is computed the initial algebra for X — I+ X + P (and
serependipitously coincide with the idea of finite iterations of a problem).

While we do focus on those fibred polynomial endofunctors, we can note that we only use
the “polynomial” aspect to be able to use the assumption that C has fixpoints of polynomial
functors to begin with. Theorem 18 otherwise only requires the fibredness of the endofunctor
F : Cont(C) — Cont(C) and could be adapted to settings where fixpoints can be obtained
by other means (e.g. via more powerful fixpoint theorems in categories of domains or in
settings with impredicative quantifications). This could plausibly lead to the study of more
interesting fixpoints, such as countable ordinal iterations of a problem discussed in [48].
Lifting the restriction that F be fibred does break Theorem 18. We only provide a single
example of such a functor which does have a sensible initial algebra (Proposition 23).

The definition of fibred polynomial functor that we adopt is useful insofar as it captures
examples relevant to us and makes Theorem 18 go through, but it is unclear to us whether it
is a rather ad-hoc notion or if there is a more conceptual grounding to this notion, possibly
related to generalizing the pseudo-monad Cont to 2-categories beyond Cat.

Finally, the idea of computing (co)algebras over total categories of fibrations, by con-
sidering the base and then the fibers, has previously appeared in the literature for posetal
fibrations [9, 27, 23]. Here we consider a specific class of non-posetal fibrations, and expect
that our straightforward approach generalizes further to other classes of fibrations. However,
we are currently not aware of a useful general theorem along those lines.

Weihrauch reductions and (-expressions. Aside from the problems T'-FindWS (which
essentially correspond to theorems stating that infinite games over N with winning conditions
in T are determined) with T above (2Y)s, all reductions and non-reductions between problems
featured in Figure 2 appear in the literature [13, 37, 39]. To the best of our knowledge,
problems around IT3-CAq or above have rarely been investigated in the Weihrauch lattice thus
far (exceptions include [21, 19]). In contrast, determinacy statements have been extensively
studied in reverse mathematics since Friedman’s celebrated result that Borel determinacy
is unprovable without the powerset axiom [24]; references most relevant to the subclasses
of parity games appearing in Figure 2 include [56, 57, 42, 35, 47]. Work on the topological
complexity of game quantifiers also provides some insights on the logical complexity of
determinacy statements [16, 5]. That being said, those results do not straightforwardly
translate to results on the Weihrauch degrees I'-FindWS; we therefore limit ourselves to
observing strictness of reductions for the difference hierarchy above 3¢ using links to finite
iterations of IT{-CAq already present in [56], and leave further studies of I'-FindWS for higher
I's to the future.

While (-expressions augmented with Ans are remarkably expressive, the non-functoriality
of Ans makes this formalism difficult to integrate in a fixpoint logic to compositionally reason
about Weihrauch problems (unlike the equational axiomatizations proposed in [45, 50]). We
end by asking whether equivalence of the answerable parts of two (-expressions is decidable
(Question 41).

1.4 Plan of the paper

Section 2 is dedicated to introducing basic notions and notations pertaining to category
theory, containers, type 2 computability, and (co)inductive types (including a sketch of the
syntax of u-bicomplete categories and its automata-theoretic interpretation). Section 3 is
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chiefly concerned with the existence theorem for the three aforementioned fixpoints for fibred
polynomial endofunctors Theorem 18 and its parametric version Theorem 22; it can be read
independently of any material on computability. Section 4 then discusses in more detail the
operators described in Figure 1 as well as all variations obtained by taking other types of

fixpoints, which we hope give a number of concrete examples to see Theorem 18 in action.

Finally, Section 5 focuses more specifically on concrete containers definable in the context of
Weihrauch reducibility via Ans and (-expressions described in Figure 2. Due to the number of
examples, it relies more heavily on the material on type 2 computability as well as intuitions
built by way of previous examples and the proof of Theorem 27 explaining how to concretely
compute the denotation of closed (-expressions.

2 Background

2.1 Category theory

We assume familiarity with the basics of category theory [38]. We write (f1, f2o) : Z — A1 x A

for the pairing of f; : Z — A; (i € {1,2}), and 7; : Ay x Ay — A; for projections (i € {1,2}).

Dually we write [f1, fa] : A1 + A2 — Z and in; : A; — A; + A, for the copairing and
coprojections. If k£ is a natural number, we may regard it as the k-fold coproduct of 1 in any
category.

» Definition 1 ([18]). A category with finite sums and products is called extensive when the
canonical functor + : C/A X C/B — C/(A + B) is an isomorphism. We say a category is

lextensive if it has all finite limits, all finite coproducts and is extensive.

Henceforth, all categories in sight shall be lextensive. It means in particular that they
will be distributive and that C/j, = C*.

We also assume that the reader is familiar with the notion that morphisms f: A — I
in a category C can be regarded as [-indezed families internal to C, the idea being that
for C = Set, such an f represents the family (f~1(i));c;. All lextensive categories support
reindexing of such families through pullback functors f* : C/j — C/1, and have internal
sums via its left adjoint —o f =X, : C/r — C/ j. Lextensivity further ensures that external
finite sums and internal sums socialize harmoniously. We say that a category is locally
cartesian closed when it has all finite limits and the pullback functors admit a right adjoint
I that interprets internal products. We will often refer to extensive locally cartesian closed
categories as elcces in the sequel.

» Remark 2. Extensional Martin-Lof type theory (EMLTT) with [[,>2,0,1,+ can be
interpreted in (any splitting of) the codomain fibration over an elcces C [20]. For some proofs,
we will thus freely use EMLTT as an internal language for such C.

We now discuss inductive and coinductive types in categories, which are modelled by
(co)inductive (co)algebras. Given a functor F': C — C, an F-algebra is a pair (A, a) where
A is an object of C, its carrier, and a is a morphism F(A) — A. F-algebra morphisms
(A,a) = (A’,d’) are morphisms f : A — A’ such that f oa =a’ o F(f). Initial F-algebras
(A,a) (and, similarly, terminal F-coalgebras) are fixpoints of F' in the sense that a is always
an isomorphism; this is called Lambek’s lemma. We will sometimes write (uF,in) for a
fixed initial F-algebra. Carriers of initial algebras (N,[0,S] : 1 + N — N) for the functor
X — 14+ X are called natural number objects. Dually, carriers of terminal coalgebras
(Noo, pred : Noo — 1 4+ Ny,) are called conatural number objects. The coalgebra structure
map Ny — 1+ N, essentially tells us whether its input is zero, and if it is not, returns a
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w L - | 0 - < w 2] teCy
a€ A be'B; teCy a€ A |
A =P Bj = Q71() O = R (k)

Figure 3 Informal diagram representing the composition of (unary 1-dimensional) container
morphisms (v, ¢) o (1,0). Note that this would be a sound string diagram in a category with
cartesian products if we were working with non-dependent families (seen as a pair of objects); it
would then be formally interpreted by (v o1, o (71,60 0 (¢ X id))).

predecessor. We may define a “point at infinity” oo : 1 — N, as the coalgebra morphism
(1,ing : 14+ 1) to the conatural number object. In Set, it can be shown that N, consists of
a copy of the natural number plus this point at infinity; in topological spaces, N, can be
regarded as the subspace of 2V consisting of monotone maps.

2.2 Polynomial functors and containers

Let C be a category with chosen pullbacks and T" and U two objects of C. A container from
T to U is a triple of morphisms (P, ¢, u) fitting in a diagram of the following shape.

Tl A2 1 v, yu

We call I the shape of the container, A its directions, T is its arity and U its dimension.
Containers between T and U are objects of a category Cont(C)(T,U) such that a morphism
(P, t,u) — (Q,t',u) is determined by a pair (¢, ) making the following commute:

A—L 7

rFa
i kg

BT>J

We call ¢ the forward part of the morphism and v the backward part. The identity map
(P, t,u) — (P, t,u) is given (ids,id4) and the composition is definable using pullbacks in C;
rather than spelling out the details, we refer the reader to Figure 3 for an intuition of how
composition works and to [60] for formal details.

We will often focus our discussions on containers of dimension 1 or containers which have
both dimension and arity 1. To make notations lighter, we will omit the third component of
containers of dimension 1 (e.g. (P,t) should be regarded as a container of dimension 1) and
simply identify containers of dimension and arity 1 as morphisms (e.g. P is a container). We
set Cont(C) := Cont(C)(1,1). In the sequel, containers are considered to be of dimension and
arity 1 unless otherwise indicated. For such containers P : A — I, we will also sometimes
write shape(P) for its shape (I in this example) and Py;, for its directions (A here). shape
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Cartesian Coproduct | Tensor Sequential
product product product
PxQ P+@Q P®Q Q*P
3" BAr@
a:A
AxJ+I1IxB A+ B AxB l
l[PxidJ,idsz] J{P—&-Q lpr > P10
IxJ I+J IxJ il

Figure 4 Definitions of the tensorial products on Cont(C); we allow ourself to use the internal
language of C as a locally cartesian closed category for x and let the reader guess what is the unique
possibility for the morphism.

extends to a functor Cont(C) — C by considering the map (i, 1) — ¢ on morphisms. In fact,
shape is a Grothendieck fibration, and it is straightforward to check that it is exactly the
fibrewise opposite of the codomain fibration cod : C — C (see [54, §1 & §5] for details). So
given a morphism P — @ in Cont(C) given by (¢, ), we will call it cartesian or horizontal if
1 is an isomorphism and wertical if p = id.

If C is locally cartesian closed, containers (P, t,u) with arity 7" and dimension U induce
functors [P, t,u] := X, ollpot* : C/7 — C/i7. In Set, up to the usual equivalences
Set/7 = Fam(T) and Set/;; = Fam(U) between slice categories and indexed families and
regarding (P, t,u) as the triply-indexed family (A; o g)acv.icr, ger (by taking I, = u=1(a)
and A; o5 = P7(i) Nt~1(B)), the container (P,t,u) induces the functor

Fam(T) — Fam(U)

(Xg)per = | 2 I (Aiap —>Xﬁ)>
i€ly BET aclU

In the one-dimensional case, (P,t) induces a functor [P,t] : C/7 — C, and in the one-
dimensional unary case, P induces an endofunctor [P] : C — C. The C = Set case then
simplifies to the following expression reminiscent of power series:

Set — Set
X — Y XA
=
» Proposition 3 (Corollary of [25, Theorem 2.12]). [—] extends to a functor from Cont(C)(I, J)
to the the category of strong functors C/[ — C/J and strong natural transformations.
Furthermore, [—] is full and faithful.

When C is lextensive, Cont(C) is also lextensive and features two additional monoidal
products ® and x outlined in Figure 4. The parallel product is essentially the componentwise
product of families, while the sequential product is more involved:

(Ai)irs (Bj)jg — (Ai X Bj)ij)rxg
(Ai)icr, (Bj)jig — Z A
b:B; (G.£):3 175
g:J
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The sequential product we will also sometimes call “composition product” since we have
[PxQ] = [Q] o [P]. It is the only product in Figure 4 which does not come with a
symmetry. All monoidal products come with a unit, with x and ® having the same unit I
with shape(I) = Iy, = 1. When C is additionally locally cartesian closed, it is symmetric
monoidal closed for both x and ®.

2.3 Weihrauch reducibility and containers

One perspective on (unary and 1-dimensional) containers is that they can be viewed as
problems in the following way: the shape I of a container P : A — I should be regarded as a
space of questions, the directions A should be regarded as answers and P specifies what are
the answers P~1(i) to some question i : I. Computability tells us that some problems cannot
be solved computably nor continuously, in which case we are interested in quantifying how
large the obstruction is via notions of reductions. Container morphisms constitute one such
notion of reduction: a morphism P — @ gives us a forward map ¢ turning a P-question into
a @-question and the backward map 1 turns a P-question ¢ and a Q-answer to (i) into a
P-answer to ¢. Intuitively, this means solving P with one, no more, no less, oracle call to
Q. In light of this, the monoidal operators from Figure 4, and their units, admit natural
interpretations as problem transformers.

If we are strictly interested in the power of problems, we may want to talk about the
reduction preorder giving P < @ if and only if there exists a morphism P — @ in Cont(C).
We will freely write < for this preorder in the sequel, = for the associated equivalence relation
over containers, and call its equivalence classes degrees.

To develop examples for this paper, we will be looking at the particular instantiation of
this framework in the context of Weihrauch reducibility, previously discussed in [49]. Up to
some caveats, this amounts to picking a category for type 2 computability that matches the
practice in computable analysis; this will be the category of represented spaces ReprSp.

A represented space (X, 6x) is a set together with a partial surjection 6x : 2 — X called
its representation. A map f: X — Y between two represented spaces (X,dx) and (Y, dy)
is called computable if it has a (type 2) computable realizer, that is, if there is a multitape
Turing M such that, if given p € dom(dx) as an oracle, it will write all prefixes of an element
of 631 (f(6x(p))) on a write-only output tape.

Represented spaces and computable maps form an elcce, which readers familiar with
realizability will see to be equivalent the full subcategory Mod (K5, K2) of modest sets of
the Kleene-Vesley topos studied extensively in [6].

Every Weihrauch problem P can be regarded as an object of Cont(ReprSp), and every
Weihrauch reduction from P to @ correspond to a morphism of Cont(ReprSp). Let us give
an example.

» Definition 4. Informally LPO is the problem “given an infinite binary sequence p € 2V,
return a boolean saying whether p = 0% or not”. Spelling out the formal details, LPO is the
following container:

shape(LPO) is Cantor space 2V
LPOui, 4s the coproduct’ {0} + 2N\ {0“}.

the container is the copairing of the obvious inclusions.

3 It is not isomorphic to oN , as the first component is topologically isolated.
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In the sequel, we will often simply state what problems are, and leave to the reader
figuring out the details of the relevant container.

For any set A, we write A* for the set of finite words over A. Let us write C for the
prefix relation over finite and infinite words and, given any word w of length > n, write wn|
for its restriction to its first n letters. Recall that (possibly countably-branching infinite)
trees t can be regarded as maps ¢t : N* — 2 (which we sometimes confuse with subsets of N*)
such that ¢(g) = 1, which are prefix-closed (t(un) =1 = t(u) = 1).

» Definition 5. KL is the problem “given a finitely branching tree t : N* — 2, find an infinite
path through it”.

» Example 6. There is a container morphism LPO — KL defined as follows. The forward map

¢ takes as input a sequence p € 2" and outputs a countably branching tree ¢(p) : N* — 2.

We may define it by cases:

©(p)(0™) = 1 whenever 0" is a prefix of p,

©(p)((k +1)0™) = 1 whenever 01 is a prefix of p (for any n € N),

otherwise, ¢(p)(q) = 0 for any other input ¢ € N*.
¢ can be implemented by a type 2 Turing machine that works as follows. First the machine
reads its second input ¢ € N*| and determines whether it is of shape 0", (k + 1)0™ or
something else. In the last case it returns 0 immediately. In the first and second cases, it
can return the correct result after reading off n and k + 1 bits of p respectively.

Now the tree given by ¢(p) always has a single infinite branch: if p = 04, then the branch
is 0¥. If p # 0¥, then o(p) will have an infinite branch (k + 1)0* where k is the position of
the first non-zero bit of p; it may additionally have another finite branch when &k # 0, but no
further infinite branches.

So we have that ¢(p) € shape(KL), and ¢(p) has a unique infinite branch whose first
element is 0 if and only if p = 0¥. Hence, one can define a backward map

¥: Y {re2¥|risabranch of p} — {0} + 2N\ {0~}

pe2N
in (0v) ifro=0
(p.7) — { ina(p)  otherwise

so that (¢,) is* a container morphism LPO — KL.

Conversely, there is no container morphism KL — LPO for continuity reasons. Let us
sketch the argument: if there were such a morphism (¢’, %), then ¢’ cannot be constant, as
it would otherwise mean that KL has a continuous section. Hence, there is some tree t such
that ¢'(t) # 0“, which has no infinite path starting with k. By continuity of ¢, there is a
finite approximation t; of ¢ such that ¢'(u, in2(¢'(v)))o = k for some k and all extensions u
of t. This is a contradiction, as we can pick v with u(k’0") = 1 for k' € N\ {k} U dom(ty),
and u(g) = 0 for all other ¢ ¢ dom(ts), which has no infinite path starting with k.

While every Weihrauch problem corresponds to a container over ReprSp, the converse is
not true for two reasons. Firstly, the official definition of Weihrauch reducibility allows for
reductions that may not be extensional, so that more problems are identified. To fix this,
we may consider containers over the full subcategory rpReprSp of ReprSp whose objects are
the subspaces of 2V (that is, objects of ReprSp that are isomorphic to spaces represented by
a restriction of the identity map idyy : 2N — 2N). rpReprSp shares finite limits and colimits

4 Technically, it rather is one representative of such a morphism. Let us also note that we would have
also remarked already that LPO, regarded as a morphism, is a pullback of ¢ along KL (also regarded as
a morphism), so (¢, id) is also a representative of the same morphism.
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with ReprSp, however it is only weakly locally cartesian closed. Formally this means that
reindexings f* only have weak right adjoints [17, Remark 3.2]; so dependent function spaces
exist, but functions may have multiple representatives (type-theoretically, this means that n
laws need not hold).

» Remark 7. Certain exponentials do exist in rpReprSp: for instance, for every regular
projective represented space A and subspace N of N, AN can be built. We also have an
analogue local statement: call a map f: X — Y in rpReprSp locally countable if there exists
some s : X — N such that (f,s) : X =Y x N is a subspace embedding. For such an f, f*
does have a right adjoint II; in rpReprSp.

We will still work with elccecs and ReprSp in the rest of the paper. This will mean
that fixpoints involving x discussed in Section 4 will not match those used in Weihrauch
reducibility, but can be thought of as extensional analogues which share many properties.
That said, Remark 7 will mean that most results of Section 5 do discuss genuine Weihrauch
degrees (see Remark 33). Investigating the case of extensive weak locally cartesian closed
categories and Cont(rpReprSp) is left for future work; we hope most results carry through
modulo the development of a theory of polynomial quasifunctors over weakly locally cartesian
closed categories.

The second issue is that the notion of Weihrauch problem is usually restricted so that
every question always has an answer. Containers in general have no such constraints, which
makes their structural theory a bit nicer: for instance, the terminal object in Cont(ReprSp) is
a problem with a question with no answers, and constructing exponentials in Cont(ReprSp)
requires such questions with no answers; in contrast, the Weihrauch lattice has no T.

» Definition 8 ([49, Definition 7]). A container P : A — I in Cont(C) will be called answerable
if it is a pullback-stable epimorphism, that is, an epimorphism such that f*(P) is always an
epimorphism for any f:J — 1.

In represented spaces, this condition is equivalent to P being a set-theoretic surjection.
So overall, an official Weihrauch problem will be an answerable container over rpReprSp. In
the sequel, we shall often build objects of Cont(rpReprSp) and then build the subobject that
restricts to answerable questions.

» Definition 9. The answerable part Ans(P) of a container P : A — I in Cont(ReprSp) is
the corestriction of P to its image.

That is, if I is represented by the partial map oy : 28 — I, the codomain of Ans(P) is the
represented space ({P(a) | a € A}, ") with &' defined as the largest possible restriction of dr.
Ans(P) is then tracked by the same realizer as P (categorically, this corresponds to taking
the left part of a pullback-stable epi-reqular mono factorization of P).

It is obvious that the answerable part of a container is answerable. Note that, contrary to
the other operations on containers we discussed, it is not functorial, nor monotone when we
look at the induced degrees: for instance, the answerable part of 1 is 0, while the answerable
part of I 4+ 1 is I, although we have 1 =1+ 1.

2.4 Fixpoints of polynomial functors

A convenient feature of polynomial functors is that they often admit fixpoints in categories
of interest, which then interpret a variety of inductive and coinductive types.

» Definition 10. A category C is said to have dependent W-types (respectively, M-types) if
for every object I of C and container (P,t,u) of Cont(C)(I,I), [P,t,u] :C/1 —=C/ has an
initial algebra (respectively, a terminal coalgebra). A TIWM-category is an extensive locally
cartesian closed category which also has dependent W and M-types.
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We will primarly be concerned with Set and ReprSp, which are IV M-categories [6] and

in which one should interpret all results in the reminder of this subsection (and Section 5).

TIWM categories have natural and conatural objects, as the polynomial 1 4+ X is induced
the container ing : 1 — 2. More generally, they interpret p-expressions defined as follows:

E,E = X |uX.E|vX.E| ExE | E+F

Any such p-expression E with k free variables thus induce a k-ary container that we write
(E); we shall also write [E] for [(E)]. Intuitively, closed p-expressions denote types of

(possibly infinite) trees, which can systematically be characterized by tree automata [52, 30]°.

» Example 11. We have (uX.14+X) = {X{ye2+jucw} | w € 0(10)*1} where y 4 is the indicator
function 2* — 2 of A C 2*. For the greatest fixpoint, we have that M, x 11 x is the closure
of M,LLX.1+X in 2* = 2, i.e. MMX.1+X @] {X(Ol)‘”}'

» Example 12. Let us consider F = pX. vY. (1 4+ X) x Y. We have that (E] is isomorphic
to the set of well-founded N-ary trees ¢t C N*. While this can be derived from first principles,
a thoughtless automata-theoretic translation also tells us that

(E) = Mg := {¢; | t C N* and ¢ is well-founded}
with ¢; : 2 — 2 defined as the indicator function of

L, = U {u C h(w)(10)"00 | wn ¢ ¢t} U {u C h(w)(10)"01 | wn € t}
wet

with h : t — 2* defined by h(e) = € and h(wn) = h(w)00(10)"01. Mg is recognized by
the non-deterministic coBiichi infinite tree automaton [8, §14.3] below, where we draw an
arrow ¢ 2 1 for a transition from state q to r reading a label a € 2 and going down in
direction 7 € 2. The priority of all states are 0 except for X, which has priority 1,hence an
accepting run only goes through the state X finitely many times along any branch, ensuring
the encoded N-ary tree is well-founded. All transitions are deterministic, except for those
starting from state x along the direction 0: there, a guess of whether a node has a child or
not is taking place.

0;0,1

5 The characterization given in [52, 30] is as winning strategies in parity games over finite arenas. Those
winning strategies can be regarded as trees, and the basic theory of automata over infinite trees tell us
they form regular tree languages for any given finite arena. We favor using a direct description in terms
of regular tree language in the text to minimize cognitive load later. as we will need to regard those
strategies/trees as arenas for (other) parity games in Section 5.
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3 Fixpoints of fibred polynomial functors

3.1 Fibred polynomial functors

We now turn to introducing fixpoints of endofunctors over categories of containers Cont(C).
Here we focus on what we can achieve when we assume that C is a IIWM-category on
exploiting the fibration cod®® ~ shape : Cont(C) — C (and more generally its k-fold products
shape® : Cont(C)* — C¥). This and a number of basic examples lead us to the following
convenient definition.

» Definition 13. Say that F : Cont(C)* — Cont(C) is a fibred polynomial functor when

1. (F,Fy) is a fibred functor shape® — shape for some uniquely determined Fy : C* — C
(see [54, Definition 2.2])

2. Fy is a polynomial functor

3. for every object I = (I,...,1I},) in C*, the functors on the fibers

Fr:Clr+. . 41, —>C/FO(I)

induced by the isomorphism C/Il .o+ = Ck/[ and F are all polynomial functors.
Say that F : Cont(C)¥ — Cont(C)™ is a fibred polynomial functor if every component m; o F
s a fibred polynomial functor.

Composition of fibred polynomial functors is defined in the obvious way and does result in
fibred polynomial functors. Identities are fibred polynomial functors (as identity functors are
polynomial functors [25, Example 1.6 (i)] and they trivially preserve cartesian morphisms).
Fibred polynomial functors thus form a category, which also admits obvious finite cartesian
products. Now we turn to showing which of the monoidal products from Figure 4 are also
fibred polynomial functors.

» Lemma 14. Constant functors and the bifunctors x,+,® over Cont(C) are all fibred
polynomial.

» Lemma 15. The following functor is fibred polynomial

Cont(C) — Cont(C)
X — X %P

» Remark 16. On the other hand, X — P x X is not fibred.

With these lemmas, we have gathered all the tools we shall need to produce examples for
of fibred polynomial functors in the rest of the paper. For instance, X — I + X x A is seen
to be fibred polynomial by combining the above lemmas.

» Remark 17. Unlike the usual polynomial endofunctors over a locally cartesian closed
category, fibred polynomial functors do not necessarily have a canonical strength. A counter-
example is the constant functor that maps any polynomial to I.

3.2 They have fixpoints

We now turn to the main theorem, which states that we can, in a sense, lift fixpoints of
functors in C to fixpoints of fibred polynomials endofunctors over Cont(C).
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total space initial terminal

base algebra p coalgebra v
initial initial
initial al
initial algebra u algebra p algebra p
terminal
inal coal 1

terminal coalgebra v coalgebra v (co)algebra ¢

Figure 5 Matrix of the kinds of fixpoints we get from applying the recipe outlined after Theorem 18
and Proposition 19.

» Theorem 18. If F : Cont(C) — Cont(C) is a fibred polynomial functor and C is an lextensive
category with dependent W and M-types, then

F has an initial algebra (uF, a,r)

F has a terminal coalgebra (VF, c, )

F has a (co)algebra ((F,ber) such that (shape(CF'),shape(ber)) is a final coalgebra for

Fy and it induces a final coalgebra for the endofunctor induced by F over C/Fo(gF)'

The basic idea behind the proof of Theorem 18 is that we may compute a fixpoint for a
fibred polynomial endofunctor F' by first computing a fixpoint v Fj for the induced polynomial
functor Fy in the base, and then take a fixpoint of i* o F, g, where i : vFy — Fy(vFp). In
both steps, we have complete freedom over which fixpoint we want to compute, so we may
use either initial or terminal coalgebras with the outcomes summarized in Figure 5. Note
that there is a repeated entry in the matrix, due to the fact that taking the initial algebra in
the base determines all fixpoints of i* o F, g, (Proposition 19).

Proof. We only treat the first item, i.e. showing that F' has an initial algebra. The other
algebras are built in a similar fashion, and the terminal coalgebra is also shown to be terminal
in a similar way.

The carrier. Since C 2 C/1, Fy: C — C has an initial algebra (u,in : Fo(u) — p). By Lam-
bek’s lemma, in is an isomorphism. Similarly, the induced functor F), : ¢ / w = C Fo(p) =
C/,u has a terminal coalgebra (v,out: v — F,(v)) in C/M' Together, since F,, = in*(F),(v)),
these give a representative (in,out) for a container morphism F(v) — v.

F()apw + 24—y ———
J

lF(V) l ly

Fo(p) == Fy(p) —"> u

Weak initiality. Suppose we have an F-algebra with carrier P : A — I as follows:

F(P)air o B A
F(P) lb . lp
Fo(I) — Fo(I) —2 5T
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Let’s now construct a container morphism v — P. Since (y,in) is an initial Fy-algebra
and « is an Fy-algebra, there exists a unique Fy-algebra homomorphism folda : p — 1.
Pulling back the commuting square for this homomorphism along P, we obtain the cube
below where all vertical faces are pullback squares and C' — D is an isomorphism.

/’
N
in

D

; A
R / .,
l J
Iz I
)/

C

fold

B
Q
Fy(fold o)
Fo(p) - Fo(I
The rearmost square is a pullback square, which can be viewed as a (representative of a)
cartesian morphism between the containers R: D — pand P: A — I. Since F is a fibred
functor, applying it to that square yields another pullback square, and hence a unique arrow
v : C = F(R)qg; making the diagram below commute.

B
: ls
\/l

F(R)dir —_— F(P)dir

|Fa |Fe

Fy(fold o
Fo(p) —210 gy

The arrow D = C' 55 F(R)g;, in C yields a coalgebra d : R — F,,(R) in C/M’ and hence
there is a unique coalgebra morphism unfoldy : R — v. It follows that we have a container
morphism (fold a, unfoldy) : v — P.

Uniqueness. We now check that the (fold , unfold «) is the unique algebra morphism from
(v, (in, out)) to (P, (o, B)).

The first component of any such algebra morphism is an Fyp-algebra morphism from (u,in)
to (I, ). Since (p,in) is initial, that component therefore must be fold .

Similarly, the second component must be an F),-coalgebra morphism from (R, ) to (v, out)
in C/M' Since the morphisms C' — F),(v) are equal in both diagrams below, it follows that
the second component must be equal to unfold ~.

F(unfol(\i’y)/ F(R)aw «————

C
1
~ unfold y
FM(V) — = +——D —— A
J |
7
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<

» Proposition 19. If (Fy, F) is a fibred polynomial functor over a IIWM-category C, « :
Fo(uFy) — pFy is an initial algebra for Fy and we have Sy, S1 € C/MFO with F,r, (S;) = Sioa
fori e {0,1}, then Sy = 5.
» Example 20. (X — X) is an initial object, ¥(X +— X) is a terminal object and {(X — X)
is the monoidal unit I of ®.

» Example 21. X — 1 4+ X admits the following fixpoints:
w(X — 1+ X) is the container 0 — N
v(X — 1+ X) is the container 0 — N
(X — 1+ X) is the container co : 1 — Ng.
Finally, Theorem 18 also behaves well in presence of parameters.

» Theorem 22. Let I : Cont(C)**! — Cont(C) be a fibred polynomial functor. For any
v € {n,v,C}, the map

Obj (Cont(C)¥) — Obj(Cont(C))
(fos- s fom1) = F(fo,- s o1, )

extends to a fibred polynomial functor v, F : Cont(C)* — Cont(C).

4 Operators definable as fixpoints

Assuming a IIWM-category C, we discuss a number of endofunctors over Cont(C) defined in

terms of fixpoints as per Theorem 18. Those useful for the sequel are summarized in Figure 1.

4.1 Parallelizations

Fix a container P : A — I (write (A;);.; for the corresponding family) and let us consider
fixpoints of the endofunctor X — P x X over Cont(C). We can first note that we have the
following isomorphisms in C.

shape(u(X — P x X))
shape(y(X — P x X))

WX s Ix X)=0
v(X = IxX)=IV forvye{v(}

a4
>~

As a result, we have u(X — P x X) = 0. The situation with the other fixpoints is slightly

more exciting. The greatest fixpoint yields the family <Z As(n)> . Interpreted as a
n:N s:IN

transformation of problems, the corresponding operator takes a problem P to the problem P

where a question is a sequence of P-questions, and an answer picks an index n and answers

the nth question.

~:Cont(C) — Cont(C)
P — v(X = PxX)
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The ( fixpoint yields the family ( > Il (z=n— Asm)) . In terms of problems, an
x:Ngo n:N TN

answer now consists of a conatural number and, if this conatsli{ral number corresponds to a

natural number, then an answer is eventually given for the relevant question.

In terms of degrees, P is not very interesting because P = P: we can reduce P to P
by asking the same question w times, and conversely, we can reduce Pto P by solving
only the first P-question in the input to P. Tt is thus typically more interesting to consider
another operator where one gets a stream of answers for all questions asked; such an operator
is called the (infinite) parallelization operator [13, Definition 1.2]. For this we naturally
consider a fixpoint of the functor X +— P ® X induced by the binary parallelization ®. Since
X +— P® X and X — P x X induce the same endofunctor Y — I x Y over C, the shapes of
the fixpoints are the same and p(X — P® X) = 0. This time around, the greatest fixpoint is
of little interest, but the middle fixpoint ¢ gets us what we want; we write P for the infinite
parallelization of P defined thus.

Z:Cont(C) —» Cont(C)
P — (X — PR X)

It is also customary to consider a finitary version of parallelization by taking the least
fixpoint of X — I+ P ® X. The finite parallelization of P is typically denoted P*.

4.2 lterations

Now, let us turn to fixpoints built with the sequential composition of problems x. As %
is not commutative there are, a priori, two ways of defining functors whose fixpoints are
iterations of some problem P. However, one of these is not fibred (Remark 16) and the
other is (Lemma 15). We will thus mostly focus on the latter, although it is worth noting
that X — I+ P x X does have a non-trivial initial algebra with a natural interpretation. It
corresponds to the problem whose instances (n, f) are given by a number n of successive
questions we want to ask to P and then a recipe f to ask those questions, and where results
are the answers to n questions we could have successively asked.

» Proposition 23. The carrier of the initial algebra for X — I+ X x P is isomorphic to
> Px...xP.
n:N Y

n times

On the other hand, the functor X — I+ X % P is fibred polynomial by Lemmas 14 and 15.
So Theorem 22 says we have a corresponding polynomial endofunctor (—)° : Cont(C) —
Cont(C). Regarding P° as a problem, inputs are recipes to ask finitely many questions
sequentially to P and outputs are possible sequences of answers to that. Note that in
general, this is strictly more powerful than the operator from Proposition 23 as the number
of questions need not be known in advance.

While finite iterations of problems have been introduced in 2016 to the literature on
Weihrauch complexity [44], the endofunctor (—)° has been known for much longer to category
theorists: [P°] was characterized as the free monad over the polynomial functor [P] [33].
The construction given in [25, Section 4] correspond to what is given by Theorem 18 using the
1/ 1 recipe. From that point of view, assuming for a moment P € Cont(Set), the endofunctor
[P°] may be described as follows. The shape of P° consists of well-founded trees labelled by
some i : I or by a special symbol e, and the arity of the node is P~1(i) or 0 if the special
symbol is used. Then [P°] (X) consists of all those trees from P° where every leaf ¢ is
labelled by some z, € X.



C. Pradic and |. Price

» Remark 24. While shape(P°) can, a fortiori, be regarded as a sort of well-founded tree
structure in Cont(ReprSp), it is important to note that those trees are very different from the
ones we encode in NV for the rest of this paper: any node has potentially continuum-many
children and knowing “the arity” of a node corresponds to the ability to answer the P-question
of its label, which is typically impossible to do continuously.

A key property of (—)° is that it associates well with composition of other problems,

which is captured by the following.

» Theorem 25. Qx P° is the carrier of an initial algebra of the fibred polynomial endofunctor
X—Q+Xx*P.

One useful application of Theorem 25 is a straightforward construction of a monad
multiplication [P°] o [P°] = [P°® = P°] — [P°] by exhibiting an algebra X — P°+ X x P
whose carrier is P°. We leave that as an exercise, together with the consequences that P° is
the free polynomial monad over P and that (—)¢ is a monad. Theorem 25 can also gives an
induction principle on degrees:

Q+xP < Q == Q+P° < Q

This scheme corresponds to an induction axiom of the theory of right-handed Kleene
algebras [36]. It is also a key part of a complete axiomatization of the Weihrauch lattice
augmented with iterated composition [50], or rather, a slightly generalized version of it which
may be derived using the cartesian closed structure of Cont(C).

As finite parallelization has a infinitary countable counterpart, so does sequential iteration
by considering a suitable fixpoint of the endofunctor X —— X x P. Much like in the case
of parallelization, the more interesting operator will be derived using the middle fixpoint
construction . Then P> := (X. X % P corresponds to the problem whose instances are
recipes to ask countably many questions to P in a sequential manner and whose solutions
are w-sequences of possible answers. An analogous operator has recently been introduced in
Weihrauch reducibility [11]. In the case of Set, the corresponding endofunctor [P*°] maps X
to the set of pairs (¢, z) consisting of a tree ¢t whose nodes are all labelled by P-questions,

arities consist of the P-answers, and x maps infinite paths p through ¢ to elements z(p) € X.

When it comes to the less interesting fixpoints, similarly to what happened with X —
P x X, we have (X — X x P) 2 0 and v(X — X x P) =2 1 x P>, It is clear that since
(1% P)>* = 1x P, those two constructions yield idempotent operators on P. However,
(=) is not idempotent. From the perspective of Weihrauch complexity, we have that
P> is the problem where one can ask w? questions to P sequentially and then get all
of the answers, which is more powerful than asking w questions sequentially (for instance,
LPO™ < LPO™ [11, Corollary 23]).

5 Ground problems

5.1 (-expressions

As announced before, we may define the following syntax for fibred polynomial functors over
Cont(C) when C is a IIWM-category.

EE = X |uX.E | (X.E|vX.E| EXE | EQE | E+F

We write CEXpI"()_(' ) for the set of such (-expressions with free variables in X. (-expressions
E with k free variables have an obvious interpretation as fibred polynomial functors (E)) :
Cont(C)* — Cont(C). When k = 0, we regard ((E)) as an object of Cont(C). We will also use
the following obvious shorthands for (-expressions (where X is a fresh variable):

77:19

LICS 2026



77:20

Problems with Fixpoints of Polynomials of Polynomials

0 =pXX I =(¢(X.X 1 =vXX
Er =puXI+E®X E=(XE®X E=vX.ExX

Before turning to examples of (-expressions we wish to interpret in Cont(ReprSp), we will now
give an automata-theoretic characterization of their denotations, extending a characterization
of p-expressions alluded to in Section 2. For this, we assume some familiarity with the theory
of regular languages of infinite trees [8, §14.3] and write Tree(T, x) for the set of trees whose
internal nodes are binary and labelled by elements of I' and whose leaves are labelled by
elements of x (if x = 0, we may write Tree(T)).

» Definition 26. The gaming alphabet G;  with ranks (i,k) (for i < k € N) is the finite
set {L} @ {Even,Odd} x {i,...,k}. A binary game tree with ranks (i,k) and exits x is an
element ¢ € Tree(G; i, x) such that £(w) = L implies {(wi) = L for any w € 2%, i € 2. An
Even-strategy of a binary game tree £ is a subset S C dom(f) such thate € S, SNL=H(L) =0
and, for every w € S':

if m1(£(w)) = Even, then there exists exactly one i € 2 with wi € S

otherwise if m1(£(w)) = Odd, for every i € 2 such that £(wi) # L, wi € S.
A strategy S is winning for Even if for any infinite path p € 2~ through S, lim sup w2 (¢(p[n]))

n—-+oo
is even. Let us call Strat(¢) the set of such winning strategies.

For any finite set x, any game tree language L C Tree(G; 1, x) induces a fibred polynomial
functor (L)) : Cont(ReprSp)X — Cont(ReprSp). To describe its action on tuples of containers,
first recall that L also determines a functor [L] : ReprSp* — ReprSp mapping a tuple of
spaces (V)zey to the space of pairs £ € L and a family of maps p, : £~!(x) — V,, that labels
the paths of ¢ ending in « € x with some element of V. We compute the shape of (L) by
shape({L)) = [L]. Intuitively, the answers corresponding to a pair (¢, p) will then consist
of a winning strategy for Even in ¢ together with answers for the questions occurring on
maximal finite paths of the strategy. All in all, writing S, := £~1(x) NS for S € Strat(¢) and
T € X, we have

{L) : Cont(ReprSp)X — Cont(ReprSp)
(Ai)ier, )oex  +— > II 11 Ap(p)>
(t.p)elL]

SeStrat(¢) TEX pES,

» Theorem 27. From a (-expression E with free variables x, we can compute a reqular game
tree language Ly such that {E) and (Lg) are isomorphic in Cont(ReprSp)X — Cont(ReprSp).

Let us now unroll the construction behind Theorem 27 on a number of examples.

» Example 28. We have L, x x =0 and Lyx.x = {¢,} C Tree(Go,1) for v € {v,(} where we
have £, (p) = L if p contains a 1, £,(0™) = (Even, 1) and ¢,(0™) = (Even,0).

» Example 29. The language L¢x.,v.y+x includes only trees ¢ € Tree(Go,1) where ¢ is
constantly | except along a unique infinite path p belonging to the regular language of
infinite words 00((1 + £)00)¥. The labelling is fully determined by the path in question:
¢(wl) = (Even,0) and ¢(w0) = (Even,1) for any w T p. Accordingly, Strat(¢) is {p} if
3*°n € N. p,, = 1 and @ otherwise.

» Example 30. The tree language L¢x. 14+xxx is recognized by the following Biichi tree
automaton assuming a = (Even, 0) and all states are accepting:
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10,1

For any ¢ € L¢x. 1+xxx, we have that £71(a) is a subtree of the full binary tree 2*. By
keeping every third letter of those w € £71(a), we would obtain a subtree ¢’ of 2* where
every node is either a leaf or has two children; it is not difficult to see that all such subtrees
can be obtained in this way. Winning Even strategies in the game tree ¢ are in bijection with
infinite paths of ¢'.

» Example 31. Let us now consider D; = uX. X +1+1. The tree language Lp, C Tree(Go 1)
is recognized by the coBiichi automaton below, where a = (Even,0) € Gy 1, X is the only
rejecting state and L denotes a subautomaton recognizing only the constant labelling by |
of the full binary tree. The states are labelled with the corresponding subexpressions of D,
except for e and ¢ which should be respectively read as “end” and “continue”.

(Even, 1);0 l
(Even, 1);1 C@/\
(0dd, 0); 0
(0dd, 0); 1
a;0

More intuitively, one can see that on shapes, (D)) is the carrier of an initial algebra
X — 2+ XN Tt thus consists of well-founded trees where all nodes are either leaves labelled
by a boolean or are internal nodes of arity N2. A direction corresponding to such a tree is a
winning strategy for the second player in the following game whose positions are paths in
the tree:

if the path is a leaf, then the first player wins if and only if its label is 0,

otherwise, the first player first picks a number n € N, the second player picks a number

m € N, and the game proceeds from the (n, m)th child of the current position.
Questions to ((D;)) seen as a problem are essentially clopen games over NN and answers are
winning strategies for the second player.

5.2 Some Weihrauch degrees as answerable parts of (-expressions

Let us now sketch how the fragment of the Weihrauch lattice described in Figure 2 can
be captured closed (-expressions, or more accurately, the answerable part (Definition 9)
of their denotations. The latter step is important as all (-expressions are trivial from a
degree-theoretic point of view.
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» Proposition 32. For any closed (-expression E, {(E) =0, I or 1.

Proof idea. We generalize the statement inductively to open expressions to state that the set
of degrees {0,1,1} are preserved by any (E). The more interesting case is the fixpoint case.
In that case, we can show that for any fibred polynomial F' : Cont(C) — Cont(C) that preserve
the set of degrees {0,1,1}, we have uF = F(F(0)), (F = F(I) and vF = F(F(1)). <

For instance, the expression D; from Example 31 gives (D)) = 1 because one can compute
a clopen game where Even loses. On the other hand, Ans({(D;))) captures A9-determinacy, a
non-trivial Weihrauch problem equivalent to UCxx.

» Remark 33. By Remark 7, we can inspect the definition of (L) to check it always restricts
to a functor Cont(rpReprSp)X — Cont(rpReprSp). Hence, by Theorem 27, the answerable
parts of denotations of (-expressions correspond to genuine Weihrauch degrees (in contrast
to the composition operator x and its iterations in the previous section).

Let us now treat a selection of examples from Figure 2, starting with the first example of
a degree we introduced in the paper.

» Proposition 34. LPO is Weihrauch-equivalent to Ans ({(¢X. X +1) x (vX. X +1))).

Proof. Computing the isomorphism types of {(¢X. X 4+ 1)) and {(vX. X + I}), we obtain
the containers corresponding respectively to oo : 1 — N, and to the embedding of N into
No. We thus have two problems that take as input some z € N, which can have a trivial
answer. That answer exists only if £ = oo in the first case, and conversely only if = n for
some n € N in the second case. Hence, questions to {(¢X. X + 1) x (¢vX. X +1))) are pairs
(z,y) € N2 and legal answers are booleans b € 2 such that

b=0=2x=00 and b=1—=y<

Taking the answerable part ensures that we only have inputs such that y = co = = = oo.
LPO on the other hand is easily seen to be equivalent to the problem taking some z € N,
and outputting the boolean b with b = 0 & x = co. So we can take the forward part of
a reduction LPO < ((¢X. X +1) x (vX. X + 1)) to be the diagonal map z — (x,x) and
its backwards part to be trivial. For the converse reduction, the forward part is simply the
second projection, and the backward part is trivial. |

The next degree we consider captures closed choice problems over (subspaces of) N with
the cofinite topology.

» Definition 35. An enumeration A C N is a map e : N — {L} N such that A = e(N)NN.
For A CN, define C4 to be the following problem: questions are enumerations e of strict
subsets of A, and answers are those m € A which are not enumerated by A.

» Proposition 36. Cy = Ans (((CX/)\(/Jr 1))) and, for k € N,

Ce = Ans|((CX.X+1)x...x(CX. X +1))

k times

Proof. Recall that (¢X.X + 1)) is isomorphic to the container oo : 1 — N, (Example 21).
As a problem, a question is a conatural number, and a question can be (trivially) answered if

and only if that conatural number is co. This means that {(X.X + 1)) is the problem whose
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questions are sequences of conatural numbers z € NI which are answered by any n € N

such that x,, = oo; a fortiori, Ans{((X.X + 1)) restricts the questions so that an n € N with
T, = oo does exist. o

The forward part of a reduction Cy < Ans{¢X.X + 1)) simply sends an enumeration
e to the sequence (sup{z € Ny | Vk € N. k < & = e # n})nen, and the corresponding
backwards part is trivial. Conversely, from a sequence z € NI | we can compute

e(fnm))={ " Hmsm
’ ~ | oo otherwise
as part of a forward reduction (assuming (—, —) : N> — N is the standard Cantor pairing
function) and have a trivial backwards reduction. The proof for Cy, is essentially the same. <

Another important instance of closed choice is Cqov, which is equivalent to weak Konig’s
lemma.

» Definition 37. WKL is the problem whose questions are infinite binary trees t C 2*, and
where such a question is answered by an infinite path p € 2V through t.

» Proposition 38. WKL is Weihrauch equivalent to the answerable parts of {(CX. 1+ X x X))
and of the infinite parallelization of (CX. X + 1)) x ((X. X + 1)).

Proof. The first part was explained in Example 30; the only minor difference with the official
definition of WKL that makes one of the reductions different from the identity is that input
trees to (X.1 + X x X should not have internal unary nodes, which is remedied by adding
leaves in the forward reduction. As for the second part, it follows from E; = WKL [12,

—~ —

Theorem 8.2], Ans(P) = Ans(P) and Proposition 36. <

5.3 Problems on game tree languages

We have seen that Ans dramatically increases the expressiveness of closed (-expressions
E € (Expr. We may ask whether we can see any limit to this approach, and whether there
are any nice structural properties of the set of problems expressible in this way. The following
basic observation hints that considering containers (L)) associated to regular game tree
languages might be worthwhile.

» Proposition 39. For any closed (-expression E, we can compute a regular game tree
language Ly NW such that {Lg N W) =2 Ans({E)).

Proof. Assuming Lg (from Theorem 27) is over the alphabet G i, simply note that the
languages Wy 1, C Tree(Go ) of game trees where Even has a winning strategy is easily seen
to be regular, and regular tree languages are closed under finite intersections. <

Standard automata theoretic techniques lead to an effective trichotomy that puts a (very
high) bound on what we may capture by (-expressions.

» Proposition 40. For any reqular game tree language L C Tree(Go k), we are in one of the
following three cases:

(Ly=0  I<(L) < (29),-FindWS or (L) =1

Furthermore, one can compute in which case we are and the appropriate reductions from an
automaton recognizing L.
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Proof. Given any automaton for L C Tree(Gp 1), first, decide whether L is empty (in which

case (L)) = 0), or compute a regular tree £ € L, which yields a reduction I < {(L). Next,

decide if L \ W is inhabited. If it is, compute a regular tree ¢’ € L\ W, which yields a

reduction 1 < ((L). Otherwise, LN W = L, then (L) is answerable and we have a trivial
<

reduction ((L_)) (29)k-FindWSs,. <

This means in particular that Ans({L)) cannot be a problem strictly higher than
(29),-FindWSss in the Weihrauch lattice. The reductions (L)) < (£9),-FindWS are quite
trivial and do not guarantee that k is picked optimally. So we feel motivated to ask the
following question inspired by previous work on algebraic syntaxes for operators on Weihrauch
problems [45, 50].

» Question 41. Given automata recognizing L, M C Tree(Go k, X), can we computably decide
whether the following hold or not?

VP € Cont(ReprSp)*. (L) (P) < (M) (P)
What about the cases where L and M arise from (-expressions (as per Theorem 27)%

A positive solution to the question above with ¥ = () would in particular allow us to
compute, from any automaton for some L C Tree(Go ), the optimal m < k such that
(L) < (X9),,-FindWS when it exists. This is reminiscent of the Rabin-Mostowski index
problem asking whether optimizing for indices for infinite tree automata is doable computably.
This is a long-standing open problem, although solved positively for interesting subclasses of
all tree automata, including deterministic ones [22, 46, 31]. However, Question 41 and its
variants also involve thinking about reductions rather than pure language recognition, so a
solution might also involve taming some non-trivial continuous infinite tree transductions.
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